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SINGULAR SOLUTIONS OF DIFFERENTIAL 
EQUATIONS (I) 


By T. W. CHAUNDY (Oxford) 
[Received 30 March 1941] 


1. Ordinary equations: the first-order equation 
Wirutn the last fifty years a small number of papers have appeared 
on the subject of singular solutions of ordinary differential equations 
of order exceeding one, but ‘very little of a systematic character has 
been published’, to quote one of the most recent.* To this systematic 
study I attempt here to make a contribution of which the scope will 
appear more precisely as I proceed. 

Let us begin by taking stock of the well-established theory of 
singular solutions of the first-order equation. This theory develops 
most simply from Clairaut’s equation 


y—px = f(p). 


Differentiation gives at once 


etsy = 0; (1) 


and we notice two things. The equation is solved by differentiation, 
and there is then algebraic factorization, so that we have the pair 
of alternatives: dp/dz = 0, which gives the general solution, and 
«+f'(p) = 0, which gives the singular solution. 

Passing on to the general equation of the first order 

$(x,y,p) = 9, (2) 

we can differentiate the equation r—1 times to give any rth deri- 
vative y, in terms of those of lower order and so ultimately of x, y 
alone. Thus, choosing a convenient origin x = a and associating with 
it an arbitrary y = y(a), we define every coefficient of that Taylor 
series which proceeds in powers of x—a. This suffices to define y(zx) 
in a suitable domain and so gives a solution involving the ‘arbitrary 
constant’ y(a). This is briefly the argument of Cauchy’s existence 
theorem and provides the general or ‘Cauchy’s’ solution containing 
the full number of arbitrary constants (i.e. one) corresponding to the 
order of the differential equation. 

* J. F. Ritt (4), who gives fuller references than I have needed to use here. 


3695.12 K 
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In forming the derivatives y,, however, we find powers of é¢/ép 
accumulating in the denominator, and so a first condition for the 
success of this process of solution is the inequality 


ob 0, (3) 
op 


which is also the condition that ¢ = 0 should be soluble to give p in 
terms of x, y. Subject, then, to this condition, Cauchy’s solution is 
valid and, moreover, includes every possible solution in the said 
domain. Conversely, therefore, if there can be any additional solution 
not covered by Cauchy’s solution, it must also satisfy the equation 
annulling (3) oh ‘ 


(4) 
op 
If we differentiate (2) and use (4), we see that any such singular 
solution must further satisfy 
+p _ = 0. (5) 
If there is to be a singular solution, these three equations must be 
consistent: they involve only the three arguments 2, y, p, and so we 
have the well-known principle that a (first-order) differential equa- 
tion written down at random has no singular solution. This is also 
evident algebraically, for a singular solution presupposes the choice 
of alternatives through factorization as at (1) in the solution of 
Clairaut’s equation, and this will not happen ‘in general’. 
If on the other hand we start from the general solution y = f(x, A) 
and, ‘varying parameters’, replace A by a(x), choosing a so that p 
retains its form, i.e. so that still 


y = f(z, a), p = f,(2, a), 
we must have for the consistency of these two equations 
of dx 


Cx dx 


= 0. (6) 


Here again are a pair of alternatives, of which da/dz = 0 gives 
« = constant, i.e. the general solution, and éf/éa = 0 gives the 
singular solution. Here, however, we find no third equation, ana- 
logous to (5), which must also be satisfied by the singular solution, 
and so every general solution give rises to an associated singular 
solution. This leads to the well-known paradox: ‘hardly any dif- 
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ferential equations have singular solutions; every differential equa- 
tion has a general solution; every general solution leads to a singular 
solution’. 

I should make two further points. In the case of Clairaut’s equa- 
tion the general theory simplifies. The general solution is of the same 
form as the differential equation (since it is got by putting p = con- 
stant in the equation), and so @¢/@p, éf/é« are of similar form. 
Moreover, (5) is now satisfied identically, and the paradox is simply 
resolved for this equation. 

Lastly, we have to remember that conditions such as (4), (5), or 
(6) are necessary but not sufficient. These can introduce alternatives 
to the singular solution, variously interpreted (in geometrical lan- 
guage) as cuspidal loci, tac loci, nodal loci. Of such possibilities I 
wish to stand clear and I shall seek only necessary conditions for 
singular solutions. 


2. Equations of order x 
Some of these results extend readily to the equation of general 


order HZ, ¥,---.F_) = 0. (7) 
For example, Cauchy’s existence theorem still shows that the general 
solution covers every solution of the differential equation that does 
not also satisfy the separant 
(8) 
Thus singular solutions must satisfy both (7), (8), and hence also, 
in analogy with (5), the equation 
D,¢ = 9, (9) 


where I use the sso 


ae 
D, =; ave ae +9 = a 


CYn- a | 


If we turn to the Rape domes 
y = I(x, Missin A,,), 
and, varying parameters, replace this by 


¥ = f(x, a,..., %), 


we choose the «,(%) so that y,,..., y, retain their form, 


‘ a 
1.€. = Boge d (ts Oay-009 On) 
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For consistency we now require, instead of the single equation (6), 
the system of n equations 








aa ae D ta, aw 
wh ef 
ae — 0 
Ox ihe Ox, Oat te t (12) 
on ont 
a, = 0 
Ba, "Ae: tt 


As before, the general solution itself is given by da, = 9,..., da, = 0, 
and so any singular solution must arise from the vanishing of the 
determinant of these equations, i.e. from 
lp of ery 
C (y a? Oz ¢ i 
A (ar, 0%45+++5 %y) = a= ©, (13) 


O(a,,---; X,) 





Regarding this as an equation to give «, in terms of a4,..., «3, We 
can substitute for a, in (12), which then reduces to a system of n—1 
first-order differential equations in the n—1 unknowns qy,..., «,_;, 
i.e., effectively, to a single equation of order n—1. This equation 
will have a general solution involving n—1 distinct constants and 
may, in its turn, have singular solutions, which we could similarly 
determine by varying parameters in the general solution. Arguing 
inductively in this way we may imagine that, in the most favourable 
circumstances, a differential equation of order » may possess, in 
addition to its general solution, 
y = f(z, A,,...,A,), 

a set of m distinct singular solutions of the types 

y = f,(z, B,, B,,..., B,_,); 

y = fr(x, Oo + Cy—2)s 

jattet. 

y =f, 2), 
if H is the nth letter of the alphabet. 

These will be the singular solutions of the first, second,..., (n—1)th, 


nth types. There is something also to be said for counting in the 
reverse direction and regarding these singular solutions as of ranks 
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n—I1, n—2,..., 1, 0, so that ‘rank’ indicates the number of indepen- 
dent constants in the particular solution, and the indices of ‘rank’ 
and ‘type’ add up to the order of the original equation. In this 
hierarchy of solutions the general solution itself appears to differ in 
degree rather than in kind and may be thought of simply as the 
solution of type 0 and rank n.* 

But this is just speculation. Bearing in mind that a differential 
equation hardly ever has a singular solution and equally that a 
differential equation can hardly ever be solved, I proceed at once 
to an actual example which exhibits the full range of solutions and 
which, like Clairaut’s equation, can be solved by differentiation. 


3. A particular equation 
[ define the generating function 


x(t) = exp(y, t+ 1! y,_,A+...4-n! yt) = = d,t". (14) 
r=0 


Then by differentiation in 2, t respectively 


n 
Dx — ZY, 
r= 


0 ntl | 
° x a X21 Gar th. 
ot r=1 
nr : — 2 °X 1 afn+2 
Thus Dx = BAT Ynsrtx—(+ I)! yy, 
a 
and so, ifr < n+l, 
D¢, = (Yn4+i+17—1)¢,-1- (15) 
Again, éx/éy, = tx, and so 
og, 
r . 16 
_ a 


We may also notice that ¢, can be derived from ¢,,,, by changing 
n into n—1 and y into y,, and so y, into y,,,; and that ¢,,, is of the 


form n! y+ F (yy,..-,Y,) and so ¢,_,,, of the form 
(n—1)! Y,+-F (Ypsas-+5 Yn) 
The differential equation that I consider is 
bn +1(Ys Yrs Yn) = 9. (17) 


Differentiation gives, in virtue of (15), 
(Ynirt)dy = 0, 


* For this reason I shall generally speak of the ‘solution’ of such-and-such 
type or rank, dropping the word ‘singular’. 
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Thus either y,,, = —n or ¢,(y,.--,Y,) = 9. Differentiation of the 
second alternative similarly gives 

(Ynirt+2—1)$,. = 9, 
ie. either y,,, = —(n—1) or else ¢4,,_,(Yo,.--,Y,) = 0. Similarly, 
differentiation of ¢,_, = 0 gives y,,, = —(n—2) or ¢,_. = 0, and 
so on. Proceeding in this way we at length accumulate a set of n+1 
alternatives %, A,...,%, of which the alternative .~, is 


PnsilY>--+> Yn) = 9, Pn(Y1>---> Yn) = 9, ree) Pn—rsi(Yrr» Yn) = 9) (8) 
Ynta = —(n—1) J 
From the way in which these equations have been found they are 
consistent. We can solve them if we integrate the last of them to give 
- ied 


= af of yn—r—-1 
Tus = K,+ K,2+...+K,, ed ~_—— an 


substitute for y,,,,..-. Y, in $,--4,; = 0, which is linear in y,, to give 
y,, then substitute for y,,..., y, in ?,_,42 = 0 to give y,_,, and so on. 
In this way we arrive finally at an expression for y involving the 
n—r constants K. 

Thus the n+ 1 alternatives. give n+ 1 solutions of the differential 
equation. They are all distinct since they give distinct values of 
Y,+1 (though they all satisfy y,,,. = 0). Evidently, then, the solution 
given by ~%, which has n—r distinct constants, is of rank n—r and 
therefore of type r: conveniently the rank is just the value of —y,,,, 
in the solution. 

If (for convenience) we temporarily replace ¢,,,, by the simple 
symbol ¢ and use (16) in (18), we see that the solution of type r 
satisfies the set of r+1 equations 


¢ = 0, * = 0, ..., rh = 0. (19) 
CY» Yn 


4. The general solution 
The method outlined above for the general solution does not lead 
to the most significant form of it. I find it simplest to write down 


this form —(n+1)!y = (e+ A,)"+...4(a+A,,)™ (20) 


and then to verify it. 
Differentiation gives 


—(n—r-+I)!y, = ¥ (e@+A,)"-r42. (21) 


s=1 
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Substitution in x gives 


n A.)*#? 
x = exp[— 3 fer aye SOE + + 


s= 


(x, 
To 


= exp ¥ log{l—(x+4,)}-+0(e"**) 


n 
[I 1+, +00), 
s=] 
i.e. x reduces to a polynomial of degree n followed by terms in ¢”*?, 
etc. The term in ¢”*! is absent and so ¢,,,, = 0. Thus (20) is a solu- 
tion and has the right number of constants. 
More generally, had we taken for y the sum of »—m terms only, 
n 
i.e. —(n+1)!y= > (@+A,)", (22) 
s=m+1 
we should have found that x reduced to a polynomial of degree n—m 
followed by terms in t"+*, etc. In this case, then, $,~ni1. Pn—m4gs--> 
¢,,.;, are all zero, and, as we easily see, y,,, = —(n—m). Thus (22 
gives the solution of type m and rank n—m. 
From the above form of the general solution we can get an explicit 
expression for the differential equation. For, if the z+ A, are roots 


of the n-ic M4214 4g, = 0, 
then, as in (21), —(n—r+1)!y, is the sum of the (n—r-+-1)th powers 
of these roots, and, by Newton’s formulae, 

(n+ I)! y+n!l YGF 21YnaInatYn dn = % 

Mm! yy (M—1)! Yedy + -FYn In-1— "In = 0, 


Yn—1 = 0. 
Elimination of the q’s gives 
(n+1)ly n!Yy 3. + Os & |e oe 
n! yy (n—lI)!ly, . . . Yn —n 
Yn —] ee 0 0 
the determinant being of order n+-1. 


This, then, is the equation ¢,,,,(y,....Y,) = 0. Precisely the deter- 
minant is (—)!"“+)(n+1)!4,,,. As we have seen, ¢, can be got 
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from ¢,,., by changing n into n—1 and y, etc., into y,, etc. This 
gives ¢,, = 0 in the form 


n! yy (n—I)!yp . . . 2lyyy Yn 
(n—1)!yo (m—2)!yg . . . Yn —(n—1) 
Yn —l we 0 0 
and we can get the rest of the set 
ee 0 OP 
Cyn | YR Yn 
in the same way. 

Now (23), which is essentially the identity connecting the sums 
of the first, second,..., (n-+1)th powers of m arguments, is not in- 
validated if some of the arguments are zero and it is thus satisfied 
by any of the forms (22). Similarly (24), which represents the 
identity connecting the sums of the first,..., mth powers of n—1 
arguments, is satisfied by any of the forms (22) in which m >1, 
and so on. This confirms that these forms are, in fact, the various 
singular solutions. 

If we vary the parameters in (20), the equations corresponding 
to (12) are 


n n 
> (r+a,)"da, = 0, ..., > (x+a,)da, = 0, (25) 
8=] s=] 


and their determinant is 


A= | (x-+-a,)" (7+ x) 
n 
= T] @+o5) TT («—a)- 
Evidently it is the vanishing of the factors x+ a, that gives the 
various singular solutions; the other factors ~,— a, are soon explained 
away. For, if we put, say, a, = a, in (25), we get equations 


2(a-+-a,)" day + > e+ ui da,=0 (ry = I.,..., 8). 


To avoid the general solution dx, = 0 (s = l,..., ») we must have 


| eo)" . . . wba, || = 0, 
where the columns now run from s = 2 to s = n; and this gives no 
possibilities not covered by A = 0. 
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We get the solution (22) of type m and rank n—m, if we equate 


to zero 
tin, . Ci, Baw + ie 


This satisfies the equations (25). It does more, for it reduces A to 
a determinant of rank n—m. Here my example fails by proving, or 
at any rate suggesting, too much and I need to supplement it by 
further illustrative equations. I begin by discussing the Clairaut’s 
equation of order n. 


5. Clairaut’s equation of order n 
1. Raffy has shown* that Clairaut’s equation can be readily 


extended to order n. We write 
" x? —x)"- ; 
Y, : Yr—VY ra + 5 Yrt2— + ne r)! Yn (7 — 0, Ree n). (26) 


Then the Clairaut’s equation of order n is 


From (26) with its form of a Taylor’s series we have at once 


,__ (—x)"r oY, 
DY, = —_Y 4. = 28 
r (n—r)! 2" 1 ey, Ynit- ( ) 


Thus ~: (—a)"— ab ad , 
Thus Dd = Yat Pa fn! oF. = Init ay (29) 
r=0 n 


and so the condition (9), i.e. D,, 4 = 0 in the notation of (10), is satisfied 
identically for a Clairaut’s equation. This is in accordance with what 
we have seen to be true of the first-order Clairaut’s equation. 

Again D¢é = 0 gives either y,,, = 0 or é¢/éy, = 0. Of these the 
alternative y,,,, in virtue of (28), makes every Y, constant, say 
Y.=A,(r = 0,1 n+1). These n+1 constants are connected by 


the relation $(A, A, A,) = 0. (30) 


Now we can solve the n+-1 equations (26) to get the y, in terms of 
the Y, in the form 


on Y,+2Y,, ie 2! - “+: 


grr 
(n—r)! 


Os ‘ a2. an 
In particular y= Y+a¥,4+5%+..+ iim 


* M. L. Raffy (2), (3). 
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and so, when y,,,, = 0, 
Mo A+#A, +5 Art. +5 Ay . (31) 


Associating this with the relation (30) we have a solution of the 
differential equation containing n independent constants, which is 
therefore the general solution. Any singular solution comes from 
the other alternative 
% _» 
OY» 
in accordance with the general theory. 

Thus an equation of the form (27) has for its general solution 
a polynomial of degree n. Conversely, if a differential equation of 
order » has for its general solution a polynomial of degree n, this 
polynomial will have the form (31) where the n+-1 constants must 
be reduced to n by some such relation as (30). This at once gives 
the form of ¢ and so Clairaut’s equation (27). Thus the given 
differential equation has the same general solution as (27) and so 
must be identical with it. We may therefore say briefly that the 
Clairaut’s equation of order n is exactly the equation whose general 
solution is a polynomial of degree n. 

5.2. There is a rather odd relation between these Clairaut’s equa- 
tions (of order n) and the theory of seminvariants of a binary 7-ic, 
which I mention here, though I cannot precisely see what bearing 
it has on my present argument. We connect up the y, with the 
coefficients a, of the binary n-ic by the substitutions 


a, =r! Yn_> (32) 
Then the operator 
0 0 
D, = z5.7 St oT Yn; 2 
Ox Yn ba | 
becomes the operator 
0 0 0 7 : 
— +A) -— +20, 2 - si: Nay 4 — = — +O, (33) 
6a 0a, da, Ox 


where Q is the usual ellie of seminvariants. We have just 
seen that, in Clairaut’s equation, ¢ is annihilated by D,; the trans- 
formed ¢ is accordingly annihilated by the operator (33). If x is 
explicitly absent from the differential equation so that it has the 
restricted form ¢(y, ¥;,...,Y¥,) = 0, then the corresponding function 
of the coefficients is annihilated by ¢ and is therefore a seminvariant. 
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More generally, if x is present, we recognize in (33) an operator 
analogous to Q—yé/éx, which is one of the annihilators of covariants. 
In fact, annihilation by (33) is linked up with invariance under the 
restricted substitution « = 2’+h. If x is absent from the equation, 
we notice, in particular, that y = y(x+A) is a solution if y = y(x) 
is. More generally, if c,,..., ¢, are the roots of the n-ic equated to 
zero, the operator (33) is equivalent to 


é é Q|. 

as hehe Wy 
it therefore annihilates functions of the differences of —z, ¢,,..., C,. 
For present purposes it is more relevant to note that the semin- 
variants (including invariants) and covariants of a binary quantic 
furnish a fruitful source of Clairaut’s equation. A referee* has sug- 
gested consideration of the Clairaut’s equation arising from the 
protomorph 


(ap, @,,...,@,)(A,, —Ap)”. 


This gives the Clairaut’s equation 


y—y, Yat 4 Se ( bana)! +... Yn-1 (=2=1)" +8 (= Yn- ell as @. 





Yn Yn (n—1)! n! 


This equation has the general solution 


Yn Yn 


y (w+a)” | (e+a)"- 
7 = C a ae. (n— 2)! bs +C,-1 (x+a) 


and a singular solution of the first type, but, if my calculations are 
to be relied on, this singular solution is not rational if n > 3. 

As a simpler example we may take the Clairaut’s equation (often 
set as an examination question) given by the lineo-linear invariant 
I of a quartic, namely, 


Ya Yr Yat yz = 9, (34) 
of which the general solution can be written according to choice as 
A,x* , A,x* 
ar ie 
where Pur 4A? = 0, 
or Y = Ao(x—C)(w—C_)(w—Cg)(X—C,), 


where D> (¢,—€2)*(Cg—C4)? = 


y= A,+A ere. 


* In accordance with whose suggestions this sub-section has been re- 
modelled. 
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5.3. We can reasonably extend the idea of a Clairaut’s equation 
to one in which 
Yai = f(«), 


for it reduces to a proper Clairaut’s equation by the substitution 
y = y'+9(x), where D"+19(x) = f(x). In this sense the equation 
bn+1(Y: Y1>--> Yn) = 0 discussed above may be regarded as a Clairaut’s 
equation. 
: s p nant 
If we substitute y= +y 
1 ea 
(n — ] )! 
and drop accents, we get the new general solution 
n. 
(n+1)!y = na™1— } (4+ A,)"*, 
s=1 
in which the right-hand side is evidently a polynomial of degree n. 
If we make the substitution in the differential equation, it becomes 


py, + (Y, aisens Y,)+ O(x) = 0. 


But, since the equation is now of Clairaut’s form, the term O(z) 
must vanish, and so the transformed differential equation, corre- 
sponding to the general solution (35), is simply 


Pnii(Y.Y, Y,) = 0. (36) 


We can make similar changes in the explicit form of the equation 
(23). This equation (36) can be generalized as I now show. 


6. A set of Clairaut’s equations 
6.1. Define the pair of generating functions 
n 2 
x(t) = exp > s!Y,,_,#-"+, 
s=m 
f m—1 ae 1) 
w(t) = exp|— > oY, j> (38) 
3=0 
where m is a positive integer (or zero) not exceeding n+-1. If m = 0, 
the second sum is ‘empty’ and we do not use w: in fact, x is then 
the generating function, analogous to (14), which gives (36). Simi- 
larly, if m = n-+-1, the first sum is ‘empty’ and we use only w. 
When m > 0, w(t) contains the factor exp(—Y,,_,,,,), so that the 
differential equation is transcendental, and, as is not surprising, 
transcendental elements appear in the solution. At the end of this 
paper I discuss the case m = 1 in rather more detail as throwing 
some light on the general argument. 
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Now define 0(Y,...,¥,,~m), Y(Yn—m+t>---»Y,) as the coefficients of 
in—m+1, ¢m-1 respectively in x, w; and, more generally, 0”, ¥” as the 


coefficients of 
tr—mt1 in (5 


Jx and ¢”-1 in —® 


lat (at) 


In (37), (38) differentiation gives 


Dx = Yns «te x) sate 


s=m 
(— 2) 2) yaa OW), 
m 
Inv? > (—a)8t™- —s—1 
(2 )"1(1 4 t/2)Ay, 4x 0+ O(0™) 
= (—2)™(a+t)-ly, 410+ OO"). 
Then, differentiating ¢’(1-+-2t)-y, (v+t)w, using these results for 
Dy, Dw, and picking out the coefficients of ¢”-”+1, t"-1 respectively, 
we have 
DO = {(—2)"Yniy—7} OO, DY = {((—2)"Yn TY. 
Thus, writing* d = 0-4, J = WY— YY, 
we have Dd = {(—2)"Y ni —r} de. 
Evidently, then, the Clairaut’s equation 
Y,) =0 (39) 
shares the behaviour of (36) above: successive differentiation yields 
solutions of every type, the solution of type r being given by 


$=0, gP=0, .., $9 =0, (—2)"Ynyg=r. (40) 


= oO" . ‘ , . 
Since 6? = (—ax)-™r- 4 this shows, in conformity with (19), that 
a) n 
the solution of type r satisfies 
od 
¢=0, ~=0, ...., 
Yn 
6.2. We notice too that values of y,,, corresponding to the suc- 
cessive solutions are again in arithmetical progression. This is not 
accidental, for we can show that, if the differential equation is such 


that differentiation gives for the successive solutions y,,, = &,(%), 


* T use the notation 4” instead of the more convenient ¢, to avoid con- 
fusion with the ¢, already defined in § 3. 
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then the é. are in arithmetical progression. For, taking the equation 
to be ¢ = 0 and writing Y% for the solution of rth type, we have 
on differentiation 
=@ 


> 


D, $+-Yn41 z 
cy 


a 
y ] 


in the notation of (10). Since & satisfies y, ,, = £,, we get identically 


ht. ~~ > (41) 


OY » 


For &% we start from é¢/éy,, and proceed similarly, getting 


Now —D = DP — 4—_—_., 
Yn YY n CYn-1 
and so (41) gives 


Fs 


Tiga: ay eg >14) 2 
Yn CYn-1 Yn 


> 


i.e., from (42), a. im 8502. 
CYn-1 CYn 
Similarly, from .%, 4% we get 


oe? 33 
ene 
CYn-1 Yn Yn 
Differentiation of (43) partially in y, then gives 


&—&, = Es—Eo5 


and it is clear how the arithmetical progression arises. 


7. The general solution 


In analogy with the solution (20) of the equation first discussed, 
it will be found that to write in 6 


n—-m+1 fons )s—m 11 
ate UJ 


$= M,..., %), 45 
ae (s = m n) (45) 


h=1 
and in 
? m—1 (—B, )m—s—1 
a= U 


m—s—l1 


(m—1)!Y,,-42 = > log ina > log A 
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will give ¢ = 0, so that the general solution can be written 


n—mn—m+1 (— 


—A, \ m—8+1y8 


ii s! (n— 3)! (a -n-+8—1) 


s=0 h=1 


n = —* yn- n+8—lys 
- > De a )!(m—n+s—1) — 


s=n—m+2 h= 


m—1 
log A,— > log B ‘ 
h=1 eae 2, . ') m—I)t(m—m FI) 
There does not seem to be a simple expression for the solution of 
type r. We note first that y,,, = r(—x)-™ gives 


s! DY,_, = r(—2)-™, 


— 


an —m+1 





ee 


(47) 


so that, on integration, 
—_ »)s—m+1 
at... = _ -t+constant (s #~ m-—l), 
. s—m-+1 


(m—1)!Y, 


a-mti 


—r log #+-constant, 


where the constants have to be adjusted so that ¢, ¢™,..., A? = 0. 
It will be found that this can be done by taking for the Y, expressions 
of the forms (45), (46) subject to the conditions that for some 


[T] (4,¢+1) = = qyt—™+ lig, tn—m4. tg tn—m—r+ 14. O(tn- m-r) | 
TI (Byt+1) = g,t™*+4q,1 0-24... +g9t™+00m-2) J 


From this the corresponding solution can be built up. It will be of 
the form 


(48) 


ran—mt+1 log x , 
— —— ees P a ‘i 
y jm—liie—et il n—m 1(%) 


where F,_»41() is a polynomial of degree n—m-+-1 in x.* 


8. Variation of parameters 


To derive these singular solutions from the general solution (47) 
by variation of parameters appears, in general, to involve irrational 
substitutions, unlike those of §4 in which we merely put 2+, = 0. 
The relations of these solutions to the determinant A defined in (13) 
can be discussed as follows. 


* We can use (47), (48) to obtain an explicit sg in determinant 
form, for the equations ¢ = 0, ") = 0, analogous to (23), (24), but the results 
are not particularly happy. 
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From their definitions it is clear that 


(r— ayia = (— 2)" 9, ayy = (— 


Ox 


4\r-1 
so that (r—1)!¢ = (- Ms gh, (49) 


Ox 





Here, of course, in these partial differentiations in « we regard x as 
belonging to the set of arguments 2, Y,..., Y,,, not to the fundamental 
set 2, ¥,..., Y,- Now from the form of x we can isolate Y in the 


differential equation writing it 


$ = Y+,....,¥,) = 0 
Tees 9 = F488, 2" = ily E)— > oe 
ia s=1 a 


The general solution is obtained by replacing every Y, by a constant 
y re} g y 4, 9 
A,, and, varying parameters, we replace these constants by the 


variable arguments o,, getting 


nm . 
a, X° 
Y = y(a,-+-5 Xp) — > =. 
, 8! 


The A(x, «,..., «,) of (13) is accordingly 





A= fie Op x? op = Oy 
Ga, 2! Gay n! Oa, 
gnr-l 
1 z 
n—1)! 
allie (50) 
0 1 yr 2 
(n—2)! 
0 0 Soe z 


Expanding the determinant as 


a= > MG-z) 


s=1 
we find without difficulty* that . 
he (—P-? ae 
r (n—s)! 


* For, by the properties of a Wronskian, 
DA, = —Aguy An = (—1)"7, A=O (8<n) whenz = 0. 
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pit yh —s 
Thus eat +. Zz oe pa ad op 
nm! 4 (n—s)! Ga, 


Op oY of  (—zx)" “ )"—* exp 
, # ee 


2 
ut -= - 
Oy, 2%, Oy, mi ar ay, 


Hence A is obtained from (—)"é¢/éy,, by replacing every Y, by «,, 
and the correspondence of A = 0, @¢/éy,, = 0 is clear. More pre- 
cisely, since P 

: —m od 


gp) = a 
CY, 


we can write A = (—)™-"2™G™ (a, 041,..+5 Xp). (51) 


For solutions of type exceeding one we have ¢= 0, 6% = 0, 
e., by (49), 5 
A= 0, — = 0, 

ex 


Now A, regarded as a function of x, is a Wronskian, and we have 


where A, is the minor obtained by omitting the last row and column 
in A. Thus for solutions of type exceeding one we have 


A=0, A,=0. 


[t follows from the properties of determinants that all the minors 
obtained by omitting either the last row or else the last column in 
A are zero. But X,, is one of the latter minors and, as we have seen, 
its value is (—1)"-, not zero. Thus all the minors obtained by 
omitting the last row vanish, i.e., in the notation of (12), 


of of |=0. 
Oxy oes OX», 
ys a ee a (52) 
on-lf on-lf 
Go,0n"-2 ~ © * Ba, ban-2 


Similarly, for solutions of type exceeding two, we have 


oA A _o, iw A, A,, As = 9, 


’ © 9 © 9 
Cx Ox 
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where A, is the minor obtained by omitting the last row and column 
in A,, and we deduce the equivalent conditions 


of of == @, 
ee ot eee re (53) 
on—2f on-2f 
Bo, 2a"-F = Bey, Baen-B | 


Generally for solutions of type exceeding r all the minors of A 
obtained by omitting the last r rows vanish. These conditions have 
been given* by Cerf for the general equation. 

We may note in conclusion that 


A, = mls) =(—/y Op 


Dal a 2 
CX \OYn CYn-r 


9. The case m = 1 

When m = 1, the generating function w(t) reduces to exp(—Y,), 
independent of t. In the general solution (47) the constants B are 
absent and the solution in question reduces to 


m—1 mn » n 
(—A,,)"~*28 a a, 
y= — —— log A,. 54 
y 3 s!(n—s)!(n—s) mn! PS ls — 
s= 1 h=1 


The form of this solution is seen more clearly if we note that 


Oy (x—A,)" 





—_— : (55) 
! 
0A, n! A, 
Thus, if, varying parameters, we replace the A, by «,, we have 
Pipes _ (w@—a%)” __ (t—a,)"" __ (%—a) 


representing the determinant by a typical column. This has factors 
x—a, (h = 1,..., n), and it will be found that the solution of type r 
is obtained by putting r of these factors equal to zero and replacing 
the other «’s by constants (exactly as in the differential equation 
corresponding to the case m = 0 discussed in §§3, 4). The solution 
of type 7 is thus of the form 

ran P(x) ee 

n! 

where F(x) is a polynomial of degree n. 


* G. Cerf (1). 
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In particular, if n = 2 (say), the differential equations ¢ = 0, 
dY = 0, 6® = 0 are respectively 
2!¥-+4Y}—exp(—Y,) = 0, 
Y,—x—ax-exp(—Y,) = 0, 1—a2~*exp(—Y,) = 0; 
the successive solutions are 


y = —le®log AA’+(A+A’)x—}(424+A”), 


sal 
1 
y = —}2*logxr—}a* log A+-Ax—} A?, 


y = —x* log 2+ 32°. 
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ON SUFFICIENT CONDITIONS FOR A FUNCTION 
INTEGRABLE IN THE CESARO-PERRON SENSE 
TO BE MONOTONIC 


By W. L. C. SARGENT (London) 
[Received 17 June 1941] 


1. Iris well known that if a function f(z) is continuous fora <2 <b, 
and if the set of points x of (a,b) at which D+f(x) < 0 is at most 
enumerable, then f(x) increases for a << x < b. It is easy to show 
by means of an example that the condition that f(x) be continuous 
cannot be omitted; it has been shown} by Zygmund that it may, 
however, be replaced by 
lim f(a—h) < f(z) < lim f(x+h). (1.1) 
h>+0 h>+0 
It is also knownt that, if f(x) is integrable in the Denjoy-Perron 
or C,-P sense and if instead of D+f(x) we consider the upper right- 
hand C,-derivate C,D+f(x), then continuity may be replaced by 
C,-continuity. It is the object of this note to improve the above 
result and extend it to the case of a function integrable in the 
Cesaro-Perron sense§ of some integral order. It will be shown that 


+ See S. Saks (4) 203-4. 

t See W. L. C. Sargent (5) 236-9. 

§ For the definition of Cesaro-Perron integrals, see J. C. Burkill (2), (3). 
For convenience I give some definitions and state some results here. If f(x) 
is integrable in the C)_,-P sense, where A > 1, then 
a+h 
a, 

A 
rd 


Cif, v,2+h) = (w+h—t)—f(t) dt, 


C)-lim f(x«+h) = lim C)(f,v,x+h), 


h->0 h-0 


— Oj f,x,x+h)—f(x) 
OD = a 
. f( ) h>+0 h/(A+1) 
with corresponding definitions for the other limits and derivates. Further, 


if « > A, then f(«) is integrable in the C,,_,-P sense, and 


C,-lim f(w+h) < C,-lim f(x+h) < C,-limf(w+h) < Q)-lim f(«+h), 
h 


h—0 hv h->0 h->0 
OC, D, f(a) < CD, f(x) < C,,Dtf(x) < Cy D*f(z). 


These results are similar to results proved by Burkill, (3), 543. 
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if f(x) is integrable in the C\_,-P sense in (a,b), where A is a positive 
integer, and if, fora < x < b,t 
Cy lim fle—h) < fx) < Cy lim f(x+h), (1.2) 
+0 h>+0 
whilst the set of points x of (a,b) at which C, D+f(x) < 0 is at most 
enumerable, then f(z) increases for a < x < b. 

It will be found that the extension from the case A = 1 to the 
case A > 1 can be made very easily by means of the properties of 
generalized absolute continuity of Cesaro-Perron integrals which 
have recently been established. 

It should be noted that (1.2) is satisfied if f(a) is C,,-continuous$ 
for a <a <b, where » >A. The first inequality in (1.2) is also 
satisfied at all points 2 at which C, D-f(x) > —oo, whilst the second 
inequality is satisfied at all points 2 at which C, D+f(x) > —oo. The 
result stated therefore includes the result}+ that, if, fora < 2 < b, 
f(x) is C\-continuous and ©, Dx f(x) = min{C, D_f(x),C,D. f(x)} > 9, 
then f(b) > f(a), the hypothesis of C\-continuity not being required. 


2. We begin by considering the case A = 1 and first prove a sub- 
sidiary theorem. 
THEOREM I. If f(x) is integrable in the C,-P sense in (a,b), and if 
C,- lim f(~x—h) < f(x) (a<a<b), (2.1) 
h—>+0 
C, D+f(x) > 0 (ax<au<b), (2.2) 
then f(b) > f(a). 


Since C, D+f(a) > 0, we can find a point c such that a << ¢ < b and 
(ce) > f(a). (2.3) 

Now j { f(t)—f(c)} dt is a continuous function of x in the closed 
inteewal {¢; b| and so attains an upper bound at some point & of the 
interval. Also, since C,D*+f(c) > 0, { £00} dt is greater than 


zero at some points of (c,b), and € cannot coincide with c. 


+ It is easy to see by means of an example that, in the corresponding 
inequalities (1.1), lim f(a—h) cannot be replaced by lim f(~—h); for instance, 


h>+0 h>+0 
take f(x) = 1 if x is irrational, f(x) = 0 if x is rational. 
{ W. L. C. Sargent (6). § ice. if C,-lim f(a+h) = f(z). 
h—>0 


++ This result is fundamental in the definition of the Cesaro-Perron integral 
by the method of major and minor functions; see J. C. Burkill (3), 544. 
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Whenever c < £—hA < &, 


v 


é 
{fle} dt < | {f)—F(e)} at, 
é 


and hence flo) < ; | f(t) dt. 
é=1 


U 


é— 
| 
2 


In view of (2.1) it follows that 
fe) < f(). (2.4) 
Now suppose, if possible, that £ < 6. Then, whenever 


é — E+h <— b, 


th f 
} {fO—-fO}s tS | FOS} &, 
. Eth 
and hence ; | fiji dt < fle), 
é 
E+h 


so that, by (2.4), 


] , 
; | foa<fe. 
: 
It follows that C, D+f(€) < 0, which contradicts (2.2). 
The point € must therefore coincide with b and hence, in view of 
9 2\. 9 
(2.3) and (2.4), f(b) > f(a). 
We now prove the main theorem for the case A = 1. 
THEOREM II. Jf f(x) is integrable in the C,-P sense in (a,b) and if, 
forax2x<b,f 
C,- lim f(w—h) < f(x) < C,- lim f(x+A), (2.5) 


h>+0 h->+0 
whilst the set of points x of (a,b) at which C,D+f(x) < 0 is at most 
enumerable, then f(x) increases fora <x <b. 

Take a, 8 such that a < a < 8 < band suppose that C, D+f(x) > 0 
except perhaps at an enumerable set of points 21, %, %,..., Lys. 
contained in the interval E[a < x < f]. 

x 


+ It is to be understood that the first inequality need only be satisfied for 


a < « < band the second fora < x < b. 
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Let « be an arbitrary positive number. Corresponding to each 
positive integer n, we construct a continuous increasing function 
z,(x) such that z,(a«) = 0, z,(B) = 2-"e, and 
C, Df (Xp) +2n(%p)} S 0. (2.6) 
The construction is obtained by modifying one given by Bosanquet.t 
In view of (2.5) we can find a sequence of points {y,} contained in 
(x,,8) and such that, for every positive integer s, 
0< Yst1— ©n S 3(Y¥e—®p), (2.7) 
Cf; %ns Vs) > f(@n)—2- Me. (2.8) 
We now define z,(x) in such a way that z,(x) = 0 fora <4¢x<2,, 
2, (a) = 2-"e for y, < x < B, whilst 
aly.) = F-Pt (e =}, 2, 3....), (2.9) 
and z,,(2) is linear in each closed interval [y,..,, y,]. 
It is easily seen that z,(x) is continuous and increases for 
x = <6, and that z,(a)= 0, z,(B) = 2-"e; it therefore only 
remains to show that (2.6) is satisfied. 
It follows from (2.7) and (2.9) that z,,(x)/(~7—wzx,,) decreases for 
x < B, and hence it can be shown that 
Ci(2ns Tn» %s) & BnlYe) = 2-e. 
In view of (2.8) it follows that 
C, US +2n: Xn; Ys) > f(x n) (s = 1, 2, 3.,...), 
so that (2.6) is satisfied. 


Now define g(x) = f(x)+ > Z,(x) 
n=1 


It can easily be seen that, whenever a < x < f, 
OC, D+g(x) >« > 0. 


Moreover, it follows from (2.5) oe the uniform convergence of the 
series of continuous se > z,(x) that 


C,- lim g(a—h) < pi (a<2< f). 


h->+0 


It therefore follows from Theorem I that g(8) > g(«), so that 
IB) > fla)— ¥ nlB)—en(a)}-e(B—a) 
= f(«)—e—e(B—a). 


+ L. 8S. Bosanquet (1) 163-4. 
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Since ¢ is arbitrary, S(B) > f(a). 
The function f(x) therefore increases for a < x < b. 

3. We now prove the main theorem. 

THroreM III. Jf f(x) is integrable in the C\_,-P sense in (a,b), 
where X is a positive integer and if, fora < x < b,F 

C\- lim f(~a—h) < f(x) < Q\- lim f(#+h), (3.1) 
h—>+0 h>+0 
whilst the set of points x of (a,b) at which C\D*f(x) < 0 is at most 
enumerable, then f(x) increases fora < x <b. 

The result has already been proved for the case A = 1. We there- 
fore suppose that A > 1. 

Let K be the set of points € of (a,b) throughout no neighbourhood 
of which f(x) increases (if € coincides with a or b, instead of neigh- 
bourhoods we consider intervals having a or b as left-hand or right- 
hand end point respectively). It can be shown in the usual way 
that K is closed and that, if (a,8) is any complementary interval of 
K, f(x) increases for «a < x < f and hence, by (3.1), for a << # < B. 
The set K must therefore be perfect or null. 

Suppose, if possible, that AK is not null. Since f(x) is integrable in 
the C\_,-P sense in (a,b); it follows from the properties of generalized 
absolute continuity of the C\_,-P integral{ that K contains a por- 
tion§ k over which f() is absolutely integrable, whilst 

a 

> [ f(t) dt) < a, 

n=1'dp 
where (@,,5,), (@g,02), (3, Bs) (a,,,5,,),... are the complementary 
intervals of the closure & of k. Moreover, since f(x) increases for 
a, <« <b,, f(x) is absolutely integrable over each interval (a, ,,). 
It follows that f(x) is absolutely integrable over (c,d), where c, d are 
the end points of k. 

+ As in Theorem IT, the first inequality need only be satisfied fora < x 
and the second for a 2 < 6. 

+ W. L. C. Sargent (6) 218-19: if f(x) is integrable in the C,-P sense in 
(a,b), then the closed interval [a,b] can be expressed as the sum of an enumer- 
able number of closed sets over each of which f(x) is absolutely integrable 


x 
and | f(t) dt absolutely continuous; the result stated follows by an application 
a 
of Baire’s theorem. 
§ By a portion of a closed set Q is meant the common part of Q and an 
open interval which contains points of Q. 
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The C,-limits and C,-derivates of f(x) are therefore defined for 
¢ < x <d (perhaps only one-sidedly at c and d). Since 


C,- lim f(x—h) < C)- lim f(a—h), 
h—>+0 h->+0 


and }- lim f(x+h) < C,- lim f(x+h), 
h—>+0 0 


h->+ 


it follows from (3.1) that, fore < x < d, 


C,- lim f(~—h) < f(x) < C,- lim f(x+A). 
h—>+0 h>+0 


Moreover, since OC, D+f(x) > C, D+f(x), the set of points x of (c,d) at 
which OC, D*f(x) < 0 is at most enumerable. It therefore follows from 
Theorem IT that f(~) increases for ¢e < x < d, which is impossible if 
c and d are the end points of the closure of a portion of K. 
The set A must therefore be null, and hence f(2) increases for 
2 = &. 
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ON EXPANSIONS IN EIGENFUNCTIONS (VI) 
E. C. TITCHMARSH (Ozford) 
[Received 17 June 1941] 


1. In the previous paper} I obtained the expansion related to the 


operator ’ 
I a2 


3 —4(*) 


dx? 


taken over an interval one end of which is at infinity, or is a singu- 
larity of q(x). In the first part of this paper I indicate briefly the 
corresponding method for the case where the interval extends in 
each direction to infinity or to a singularity of q(x).f In the second 
part the special forms of the expansion when q(x) satisfies certain 
special conditions are obtained. 


2. We now take the interval to be (—0o, 00), and suppose that q(x) 
is continuous for —o <a< oo. Let (x) = (x, w), Hx) = B(x, w) 
be the solutions of (L—w)n = 0 such that 


n(0) = 0, 7’(0) = —1, H(0) = 1, o (0) = 0, (2.1) 
where dashes denote differentiations with respect to x. Then 


W(n,9) = 1. (2.2) 


By the previous theory there are functions /,(w) and /,(w), regular 
in the upper half-plane, such that, if w = u+iv, v > 0 
f(x, w) = Ha, w)+1,(w)y(x, w) 


is L?(—0o0, 0), and 


g(x, w) = Hx, w)+1,(w)y(x, w) 
is L*(0,00). Then W(f.g) = 1,—l. 
Also, as in §2 of (IV), 
2v [ \g(x, w)|* da = i[Wg,g)], 
0 


= —i{g(0)g’(0)—g'(0)G(0)} = —i(l,—1,), 


* See above, pp. 89-107. 
+ The result was deduced from the theory of integral equations by H. Weyl, 
Géttinger Nachrichten (1910), 442-67. 
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Hg 
[ lg(x, w)|* dar = 1(1,)/v. 


0 


0 
Similarly, | f(x, w)|? dz = —I(I,)/v. 
Hence I(l,) < 0, I(/,) > 0, for v > 0. 

We define 


«oo 
. 


V(x, w) = as | G(a, y, w)db(y) dy, 
(2 


where u(y) is the arbitrary function to be expanded, and 
g(x, w) f(y, w) 
1,(w)—1,(w) 
f(z, wy.) ys 2 
1,(w)—1,(w) , 

It can be proved as in the previous paper that, if % and Lp are 

L*(—o0, 00), then Yo (x,w)| < K/v (2.6) 


and ' IRV (a, w)| du < K, (2.7) 


—@ 


(y < 2), 
G(x, y,w) = 


where the K’s depend on x only. To obtain these results, consider 


the solutions 


f(x, w,a) = B(x, w)+1y(a, wv), g(x, w,b) = Hx, w)+l'n(x, w) 


such that f(a, w, a)cosh+-f'(a, w,a)sinh = 0, 


g(b, w, b)cosj+-9’(b, w, b)sinj = 0. 
b 
G(x, y, w, a, b)b(y) dy, 


U 


V(x, w,a,b) = — (an) 
NV a7 


g(x, w, b) fly, w, a) 
ae 


(y¥ <2), 
where G(x, y, w,a,b) = 
x). 


The corresponding results for V’,(7,w,a,b) are obtained as before, 
and (2.6) and (2.7) follow on making a> —oo, b>. 








156 E. C. TITCHMARSH 
It follows from (2.6) and (2.7) that 


v—0 


A 
(x, A) = lim i, (=) RY, (x, w) du (2.8) 


exists for all real A and 2, and is of bounded variation in —o <A < 0. 
We also obtain as before the inequality 


[ {b(w,A)}2 da < | {W(a)}? de. 
We next prove as before that 
p(x) = ( d(x, d). 


Now (2.8) may be written 
(Ay, w) +h (w)nly, w)pbly) dy + 


(H(y, w) +1(w)n(y, w) bly) dy}. 


This gives formally 
x 


A 
.y,—2 [7 \ ova : 
d(x, A) = = | iw —hw | u) du | Hy, u)b(y) dy +- 


A x 
l . 
1, aint = n(x, u) du | Hy, upb(y) dy +- 
1 2 J 
*,u) du [ nly, ub(y) dy + 


ty 
—@ 


A 
is { 1,(w)l,(w) ae 
| Niu) —lw)” x, u) du [ 


nT. 
0 
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Hence (2.10) gives formally the expansion 


1 \a 7 
0) =! : f My ay Igtay| > @ | Cv, wHHCW) dy + 


x 


l, ~ 
fa /- = <i teih n(x, u) du | Hy, upb(y) dy + 


—-« 


ra. 
= 7 


x 


lf yf 4) . 
w line arr CH oe u) du J. (y, upb(y) dy +- 


77 


- 
—@ 
oc 


1 tf 1f CY nis) du [ n(y,wybty) dy. 


\24(u) —la(u)} , 
“. (2.13) 


In some cases (e.g. the Bessel-function expansion over (0,00), with 
0 corresponding to the above —oo) /,(w) tends to a real limit 1,(u) as 


v > 0, so that 


f(x, u) = Ha, u)+1,(u)n(a, u) 
is L*(—oo, 0). We then have formally 


(ie Soe | 
Ni —tew) ~ ON) — 2a)” 


{ U(ujl(u) \ arf 1 
Nii (u)—l,(w)h = thoy? rr (u)—I,(u)} 


The formal expansion is then 


h(a) = ae 1/ . \ f(a, w) u) du Sly, udb(y) dy. (2.14) 
am J \l,(u)—l,(u)) A 
A similar result is obtained if /,(w) tends to a real limit. 
Since the functions occurring in the above integrals are not neces- 


sarily integrable, the procedure is so far purely formal. 


3. To put the analysis into a rigorous form, we require a series 


of lemmas as in the previous paper. 
Let the eigenvalues and eigenfunctions for the finite interval (a, 6) 
be w,,,, and #,(x,a,b). Then 


4 ‘ 
| G(x, y, w, a, bys, (y, a,b) dy = ead 


a 


e 
n,a,b 
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2, (a, a, b) 
(U—Wy ap)? +0? 


b x 
Hence [ | G(x, y, w, a, b)|? dy = 3 
a n=1 

Hence, as in the previous paper, 
4 2 , A 


du | | G(x, y, w, a, b)|? dy = 2 (x, a, b) 
z (u— 


0 a 


du 
Yn, we +v? 





b 
_ lls 8@4,0) _ All f a.- } 
= , 2, what} = a | oe Oe = of; 


as v > 0, uniformly in a and 6, x and A being fixed. Hence 

"A ry 1 
du | | G(a, y, w)|? dy = of") (3.1) 
0 - 


— a 


Taking x = 0, and using (2.4) and (2.5), this gives 
1/ | du = O(1). 
i, aia 


Arguing similarly w ith G(x, y, w, a,b), we obtain 


A 
"Ff Ly (w)l,(w) bis 
| freed lu = O(1). 


It is easily verified that 
(y(_4_\\* <y(_1 _\;( 4% \ 
lwa—t L—L) —i 
: l 
Hence also | 1 =} du = O(1). 
L,(w)—1,(w)} 
We deduce, as in the previous paper, that 
A 
lim I | fea) du = | (x, u) dk,(u), 
0 


0 


A A 
lim I [ pee) du = | d(x, u) dk,(w), 


1,(w)—I,() 
A A 
lim I a ae du = [ n(x, u) dk,(u), 


m0 J 1 w)—l, w) E 
0 0 


v0 
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where k,(w) and k,(w) are non-decreasing, and k,(u) is of bounded 
variation. We also prove that, as v > 0, 


o ,A 2 
| LJ IG(x,y, w) au} dy = O(1). (3.6) 


Using these results as before, we obtain the following theorem. 
Let (x) and Lif(x) be L?(—00,00). Then 


(ae) = [ P(x, u) dé,(u) +(x, u) dés(u), (3.7) 
where &, and &, are of bounded variation in any finite interval; also 


E(u) = [ oydxrly.u) dy, Eau) = | Ay)xalys) dy, (3.8) 


—@ 


where 


A 
xil¥A) = | Hy.) dhy(u) +n(y, u) dha(u), 
A 


X2(Y; d) = [ Hy, u) dk,(u) +7(y, u) dk,(u), 


0 
k,(u) and k,(u) being non-decreasing, and k,(u) of bounded variation. 


As before there is a corresponding theorem for all functions ¥(2) 
of L?(—oo,00), in which ordinary convergence is replaced by mean 
convergence. 


Special Cases 
4. In the case (0,00), if q(x) > 00 as x > 00, the expansion is a series. 


In the language of Hilbert and Weyl we should say that there is 
a point-spectrum but no continuous spectrum. The result is due to 
Weyl,* and we have merely to point out how it follows from our 
analysis. 

It is proved by Weyl, by elementary arguments, that, if g(x) > 00, 
the function f(a, u) of the previous paper has the following properties. 
There is a set of isolated points u,, U,... such that f(x, u,,) is L*(0, 00), 
while f(a, u) > +00 as x > oo for all other values of w; and, if (w’, w”) 
is any interval not including one of the special points, then — 


\f(z,u)| >m>0 («>uy,u cucu’). (4.1) 


* H. Weyl, Math. Annalen, 68 (1910), 220-69, Satz 9. 
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Now the function d 
x(x, A) = | f(x, u) dk(u) 
0 
of the previous paper is L?(0,00) for every A, since 
A 
x(x, A) = lim | Ig(x,w) du 
v0 » 


o,r 2 
and [ | Ig(x, w) du dx 
0 ‘o 
is bounded as v > 0. But by (4.1) 
u” 
x(x, u")— x(a, u’)| = | f(v,u) dk(u)| > m{k(u”)—k(w')} 
for x >a,. Hence k(u”) = k(u’). Thus k(u) is constant in the 
intervals between the points u,. If k(u,,+0)—k(u,—0) = k,,, then 


x@z@,Aj= > LE fiz,u,). 
( A 


Un 


n? 


Hence . 


A n [ bly Fy: u a dy, 


| : 
(x, A) = — 3 ky f(X, Up) | L(Y) SY, Un) dy, 


T 0<ttn<A 
0 


and ¥. (2, w) = - : e Kn J @, Uy ‘| by) f(y, u,) dy. 


v7) (277) a Uy, —W 


Thus Y’,(2,w) is meromorphic, and we rer a series expansion as 
in (IV). 
5. In the case (—00,00), if g(x) > 0 as x>00 and as x > —o0, 
the expansion is a series.* 
Putting x = 0 in (3.6), we obtain 
- * 4 Ly 2 
y, w) +1,(w) nly, w 
| | I (ys w) Fh w)aly ) au| dy + 
L,(w)—l,(w) | 


“ 
0 


1 (y, w)+1,(w)n(y, w) \° = 
+ { {p 1,(w) —I,(w) " alee 


* Weyl’s Géttinger Nachrichten paper, 450-1. 
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as v0. It follows that y,(y,A) is L?(—00, 00) forevery A. Similarly, 
by considering G,(0, y, w) it can be shown that x,(y,A) is L*(—00, 00). 

The elementary argument of Weyl shows that #(x,u) and (x, u) 
tend exponentially to +-co uniformly in any finite interval (u’, uw”) 
which excludes certain isolated points. Since 


zx 
log 2) *) = Ha, u) | dy . 
n(x, W) n(a,u) J nly, uy, u) 
it follows that, as x > oo, Hx, u)/n(x,u) tends to a limit c(u) uni- 
formly in such an interval; c(w) is therefore continuous and of one 
sign in (u’,w”). 
If ¥(x) = 0 outside the interval (n,n-+-1), then 


A 
&,(A) = | I(u) dk,(u) +J(u) dk,(u), 
where . 
n+1 


= [ py)dy,u)dy, J(u) | nly, u) dy, 

and similarly for €,(A). Hence on multiplying (3.7) by p(x) and 
integrating, we obtain the Parseval formula 

n+1 x 

[ {b(a)}?dx = | 12(w) dky(u) +21(u)J(u) dk,(u) +J?(u) dkg(u). 
4 x 
Now A?(u) dk,(u)+ 2A(u)u(u) dk,(u)+-p?(u) dk,(u) > 0 
for any continuous A(w), ~(w) and any limits a, b; for the left-hand 
side is equal to 
? 1 

li rN 
im | | (NF 00) 1,00) 


a 


oh 


ed) wn eae 
+2n(u)a(u)t{ | turn oma | 


which is not negative, by in tess 
u” n+1 
[ 12(u) dky(w) +21 (u)J(w) dky(u) +5%(u) dkg(u) < | {y(a)}? dee. 


In this inequality we can put (7) = 1 for n < x < n+l, since we 
3695.12 M 
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can apply the inequality to a sequence ¢,(x) which converges in 
mean to this limit. Now, if |J(u)| > M forn >, w cucu’, 
the left-hand side is not less than 


y oe du) +dk(u)), 


“T(u) 


Hence, making n + 00, we obtain 
u" 
| {c?(w) dk,(w)+ 2c(u) dk,(u)+dk,(u)} = 0. 
u! 
u" 
Also | {c(u)+-€}? dk, (u)+ 2{c(w)+€} dkp(u)+dk,(u) > 0 
u! ; 
for every «. Hence 
u” u” 
2c | {c(u) dk,(u)+dk,(u)}+e* | dk,(u) > 0 
w’ u’ 
for every «. Hence 
u” 
| {c(u) dk,(u)+dk,(u)} = 0. 
u’ 
Hence wu” 
” y ¥ 
xil¥,U")—xy(y, u’) = | {P(y, w)—e(u)n(y, u)} dk, (w). 
u! 
Now Weyl’s elementary argument shows that, for any continuous 
c(u), Hy, u)—e(u)n(y, u) tends to +-co either as y > 00 or as y > —00, 
except for certain isolated values of uw. It follows as before that k,(w) 
is constant except at certain isolated points. Hence so are k,(u) and 
k,(u), and the result follows as in the previous section. 


6. In the case (0,00), let q(x) belong to L(0,00). Then the expansion 
takes the form 


x 
~ 


Wee) = ¥ key fle, y) | HOF Uy) dy + 
0 


n 
4 " 
+ | k'(u) f(x, u) du | by) fly, u) dy, 
oC 0 
(6.1) 
where the u,, are isolated positive numbers and k'(u) is integrable over 
any interval (—Up, 0). 
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In the language of Weyl, there is a point-spectrum in (—oo, 0) and 
a continuous spectrum in (0,00), the spectrum in Weyl corresponding 
to the negative of the set of eigenvalues in our notation. Weyl 
proves a similar theorem,* but with heavier restrictions on q(x). 

Let us write w = —s* and f(x,w) = f,(x) = f(x), so that f,(x) is 
the solution of 


i +{s—g(2)}f =0 (0<2<o@) 


such that f,(0) = sinh, f,(0) = —cosh. Then 
[ sin s(7—y) q(y) fly) dy = [ sin s(x—y) {f"(y) +s°f(y)} dy. 
0 0 
Integrating by parts twice, 
( sin s(7—y) f"(y) dy = sin sx cosh+-sf(x)—s cos sx sinh 
0 
—s? [ sin s(7—y) fly) dy. 
i) 
Hence 
sin sx j 


cosh+- | sinse—n af) dy. (6.2) 


0 


f(x) = cos sxsinh— 


For a fixed positive s, choose a so large that 


| |g(y)| dy < $s. 
If f(a) is unbounded, there are arbitrarily large values of 2 such that 
S(y)| <f(x) for 0 << y <x. For such x 


zx 


£)) <1+2+2 [ang ay +22" | law ay 


a 


\f(y)| dy +4) f(x)|, 


Since this is false if | f(a)| is large enough, f(x) is bounded. It is also 


* § 21 of the Annalen paper. 
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easily seen that it is uniformly bounded for 0 < sy, < s < s,. Hence 
(6.2) gives 


f(x) oo oa) 
| [ \q(y)| i 


. 


= cos srsinh— F cosh+ | sin s(a—y) q(y) f(y) dy +0 
8 8 
0 


= a(s)cos sv-+A(s)sin sx+o (1), 
where 


a(s) = sinh— : sin sy q(y)f,(y) dy, 
s 


B(s) = oF Me cos sy q(y)f,(y) dy. 
s s . 
Since the integrals converge uniformly, a(s) and A(s) are continuous 
functions of s. Similarly, if F(x) is the solution such that 


F.(0) = cosh, F’(0) = sinh, 
then F(x) = y(s)cos sx--8(s)sin sx+o (1), 


where oc 


y(s) = cosh—* | sin sy q(y)F,(y) dy, 
8s 
0 


&(e) = _ oar i cos sy q(y)F.(y) dy. 


Again 
{ sin sy g(y) f(y) dy = ren j sin sy { fS(y)+s*f,(y)} dy 
0 
= lim{sin sa fi(x)—s cos sx f,(a)+-s sin h}. 
Hence a(s) = lim e os sx f(a )—S™ rua. 
Similarly, 4, £08 ss 4) 


B(s) = ave [sin x f(x)+ 3 Fel os 
{ 


v(s) = lim {eos ax R(x) —""* r(x}, 
5(s) = lim betes sa F.(x)+ Cones Fi(z)\. 


pe. | 
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Since W(f, F) = 1, it follows that 
a(s)5(s)—B(s)y(s) = 1/s. (6.3) 
Hence a(s) and A(s) cannot both vanish for any positive s. 


Now consider complex values of s. Let s = o—it (t > 0), and let 


d(x) = f(x)e-™. Then 


x 


e“d(a) = cos sx sin pe ks | sin s(x—y) q(y)d(y)e" dy, 
8 8 


0 


de) <14+F +e | lawswi 
0 


It follows as before that (x) is bounded, i.e. that, as x > 00, 


f(x) = O(e*), 
and this is uniform in any finite s-region excluding s = 0. Hence 


f(x) = }sinhe®*— C08 eiar 4 O(e-*) + 
2 . | 
+35, | ee g(y) faly) dy +0 | ee Vi g(y)||f(y)| 
tog! 0 
The last term is clearly o(e”). Also 
[ e=-va(y)f.(y) dy = Ofe# | \aty)| dy} = o(€*. 
Hence beg 
jn ‘Se [ e~"*¥q(y) f(y) iy} +0 (e*). 
is (8 
0 


peteel cos h+ es + . | e-*8vq(y) F.(y) dy\+o (e*). 
| is is J J 
Now it is shown in the previous paper that there is a function 
g(x) = F(x)+1,f(x) which is L7(0,00). Hence 


sin h 


co osh+ — “+. fe ‘svq(y)F,(y) dy 





cosh. 1 


eer TE e~*svq(y) f(y) dy 
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As s tends to a real limit, the numerator and denominator tend to 
y(s)—18(s) and a(s)—iB(s) respectively. Since the latter is not zero, 
__ y(s)—18(8) 

(8) —iB(8) 


lim 1, = 


and the imaginary part of this is 


a(s)8(8)—Bls)y(s)_ 
a(s)+B%(s) —_s{a*(s)+B(s)}" 

Hence, in the notation of the general theorem of the previous paper, 

for u < 0 
0 v(—u) 

j du’ oe ds 

| V(—4'}oP(y(—u)) + Py (—u'))} ~ J o?(s)+ f(s) 

: (6.5) 


k(u) _ 
t 
This gives the integral term in (6.1). 
Next let s-> —it, where ¢ is real and positive. The integrals in 
(6.4) converge uniformly, and hence the numerator and denominator 
in (6.4) tend to the real limits 


cos b+ hs | e—Vq(y)F_(y) dy, 
0 


zm 
sin h— 28" 4 * [ e-ugty)f-ady) dy. 
0 

Hence lim I(/,) = 0 except possibly at the zeros of the denominator 
of (6.4). Since the denominator is an analytic function of s, regular 
for I(s) > 0, the zeros are isolated points. At these points k(w) may 
have discontinuities, of magnitude k,, say, and we obtain the series 
term in (6.1). 

Under more special conditions the point-spectrum is finite or null.* 
A simple example is the Bessel-function case 

q(x) = (}—v*)/e?> (O< acx< ow). 

There is a similar theorem for the interval (—00,0o), when q(x) 
belongs to L(—oo,00). The proof is a little more complicated, but 
proceeds on the same general lines. 


* Cf. Weyl’s Annalen paper, §§18—21. 





CERTAIN qg-IDENTITIES 
By F. H. JACKSON (Eastbourne) 
[Received 10 September 1941] 


1. THE following q-identities may be of some interest and are, 
I believe, new. 


2n 


> ( —! rr }e )-(5),(¢),(2)-(@)on -_r()on -r(C)on -r(2)on —— g 
= (=1)"(@)n(D)n(€)n (Dn "nl 4bq" )n(00q")n(caq"),, dngin@n—D (1) 


when abcd = q'-*". Here 
(a), = (a—1)(aq—1)...(ag""—1),—_(n, r) = 4r(6n—3r +1), 


9 
and (") denotes the g-analogue of the binomial coefficient 
r 


(2n)!/(r)! (2n—r)! 
where (n)! means (q),,, etc. 


2n 


> 1) an Pano? = (yl) a(AbQ")yy (2) 


r=0 


where now there is no restriction on a, 6 and 
(n,r) = 3r(2n—r-+1). 


2n ( 


(¢ Con : tr 
) onl (6) Jen + >, # ‘Jo 2n -l (b)on-r(@),(b), (C),(C)on 
(2) (5) n(Q"*)n(4q") (49) (69) n/(C\n(G*)n» (3) 


-where c = abq. 
A special case of the second identity, with an wnusual solitary 


factor, is ‘ 
1+ > (—1)¢™ = (1—q")(1—q"*)...(1—gi"*). (4) 
r=1 
where m is even, and 
(n,r) = 4r(n—r-+1). 
Dr. W. N. Bailey kindly drew my attention to this curious identity 
for an apparently simple product. 


2. The first two identities are obtained by a rather curious trans- 
formation of a ‘g-theorem’ given by the present writer,* which is of 


* (5) 595. 
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interest in connexion with certain theorems due to Dougall, Rogers, 
and Ramanujan.* The g-theorem which is a q-basic generalization 
of Dougall’s identity is of interest in connexion with proofs of the 
Rogers-Ramanujan series and equivalent products 


4 gq” Ae 1 
p (1—q”)! I] (5r+-1)(5r+-4)’ 


ghee = a l 
> (1—q")! = [| (5r+-2)(5r+3)’ 


and has been discussed in this aspect by Hardy.+ 

The second identity of this paper was stated without proof by the 
present writer some years ago,{ and, as no proof has yet appeared, 
a very brief proof is given in this paper. 

The transformation by which the first two identities are obtained 
depends on the fact that, under certain conditions, a set of factors 
in the general term of a g-hypergeometric series, for example 


2, 
(arr 1)g”, 


r 


may be split into a sum of factors such as 


(2m 2n 
n,r) n,2n—r) 
( r iii 2n—r ¢ ; 


and then a factor which appears as a constant factor in every term 
of the series can be removed from the series and transferred to the 
product side of the identity, where it finds another odd factor (1—g”) 
waiting to combine with it. In the result the series is transformed 
from one of n+1 terms into a new well-formed q-hypergeometric 
series of 2n+-1 terms. The new series and its equivalent product 
possess a symmetry lacking in the original product and series. I 
emphasize the term well-formed, because, although any hypergeo- 
metric series can be divided by splitting a numerator term, it is only 
in special cases that the resulting longer series will be well-formed, 
that is, a series in which the factors of the successive terms and 
especially the indices of the solitary factors of g-series are formed 
according to definite laws. I give this explanation here to avoid the 
printing of long and tedious algebra connected with the trans- 
formation. 


* (5) 595. + (3) 109-12. t (4) 21, notes. 








CERTAIN q-IDENTITIES 169 


The third more complex identity is obtained from a q-generaliza- 
tion of a theorem relating to products of 


2, (a, By; x), 9Dy(a, B; y; gx) 
due to Watson and the present writer* using different methods. 

Dr. Bailey, to whom I am indebted for kind criticism, has pointed 
out that the curious transformation by which the identities are 
obtained should have further interesting applications. 

In any case, I think their simplicity of form and symmetry give 
them a character of their own in relation to what may be termed 
binomial and Vandermonde forms. 

3. Proof of (1). The following identity is a q-generalization of 
Dougall’s identity :T 
[w+y+ce+1],[y+z+ce+ 1],[x+z2+e+1],[c+1], _ 
[a+e+1],[y+e+1],[z+e+1],[a+yt+z+e—1], — 
~~ vez. [e+2r][e}{— «},{—y]{—z]{—n]fat+yt+2zt+2c+n+ 1),q" 

A [el[r}![z+e+ 1 ][yt+e+ 1] fzt+e+1]}[n+e+1][—x—y—z—c—n], 


a | (5) 
in which [x]. = (q?@—1(q@7#— 1)... (+41). 


This is transformed by making 
c—> —2n, x+y+2+2c+n+1= —w. 

Also all factors in which positive x, y, z appear are changed into 
new factors containing negative x, y, z. Thus [z+c+1], is changed 
into [—a+2n—r],q'"(2a—4n+r-+ 1), 
[c+2r] [—n], 

[ce] [m+e+1], 
becomes (q"+ ")/(q"+1), except when r=, when it becomes 
q"/(q"+1). In consequence of these changes the solitary factor 


vecomes gi6r-3r-l) The identity now i 
} ir(6n —3r—1) Tl 1 tit) I s 


x —y+n],{—y—2z+n],[—2—2+n], n__] n+1__] 2n-1__] 
| r+n],,| —y+n]),[—z+n],[—w+ ny (q Mq ).(q ) 
> (*") (—1y[—2],{—y],.{—z]{—v], 


r | [—a+2n—r],[ —y+2n—r],[ 2+2n—r]{—w+2n—r], * 


and 


r=0 


(q"+q’) 
(q"+1)’ 
* (6) 10, 11. + (2) equation (6). 


x gu”) 
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in which the factor (¢"+-q")/(¢"+1) is halved when r = n and 
(r,n) = 4r(6n—r—1). 


The transformation involved the summation of seventeen arith- 
metical progressions, which resulted in the change of the index of 
the solitary factor from r to $r(6n—3r—1). 

On removing the factor (q”-+-1) from series to product, and multi- 
plying both product and series by 


[—] onl —Ylenl —Zlenl—w]ens 
also noting that such pairs as 
[—a]on 
[—2+2n—r], 
reduce to [—2]on--» 
and finally changing the notation into a simpler form by giving to 
q*,9",.9*,.9" 
the values a, 6, c, d, 
we have the identity 


(abq"),,(beq"),,(4¢q” )n(Q"**)n(@)n(O)n(C)n(@)n 


= - (— (Josue (a(n r()on—r(C)an—r(2)on—r(Q" +9" )g"™. 
r=0 


It remains to convert this into a well-formed series of 2n+-1 terms. 
Since the index of the solitary factor is 

$r(6n—3r—1), 
we find on giving r the successive values 0, 1, 2,..., n that 


gr trn), ae q" H(7r,n) 


give the sequence of factors with indices 


{0, 3n—1, 6n—5, 9n—12...., 7n—7, 4n—2, n} 


formed according to the norm }r(6n—3r-+1) in which r ranges from 
0 to 2n. The series thus takes its final form of 2n+-1 terms 


> (— (7) ),(b )(c),(d)-(@)on -(b) on -_r(C)on _r(d) on ~~ gq 
r=0 ; 


(—1)"(2)y(B)y(€)y(@) lg") (ab q")y (be q")y(40q")y anganen—, 


in which abcd = q'-*" and (n,r) = $r(6n—3r-+1). 
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4. Proof of (2). This theorem was stated (without proof) by 
the present writer many years ago,* and can be derived from the 
q-identity (5). If we make the parameter z infinite and also make 
c = —2n, certain factors in the series combine; thus 


[e+2r] [—n], _¢+¢" 
[c] [n+ce+1], g’+l1’ 


except when r = n, and we obtain 


[zt+y+e+1],[c+1],, 
[ztetI}lyte+l), 


= Ne (?); [— —z]{—y], (¢+4q") gg” 
~ [z+e+I}[ytet+]], +1)" ¢ 

where (n,r) = 4$r(r+1—4n). 
As in the case of Theorem (1), it is necessary to change factors so 
that all the parameters x, y appear with the minus sign. It is not 
necessary to give the detailed algebra. As before, the series can be 
rearranged into a well-formed series of 2n-+-1 terms, in which the 
index of the solitary factor is }r(2n—r-+1). Finally, replacing q-* 
q~” by a, b, we have the identity 


2n 


2 
(4) .(5)n(Q"*")n(a6q") ro pS (—1y( 7 (O(n Dhan —r gen", 


0 


without restriction on a, b. 


5. Proof of (3). In a recent number of this Journal I gave a 

theorem} concerned with products of g-hypergeometric series 
2, (x) X oP, (qx) 
derived from a more general theorem about solutions of g equations 
°+ f(x)?’ +folx)iy = 0, 
which generalizes in g-form results about ordinary hypergeometric 
series due to Appellt and Goursat. A simple case of the g-theorem 
is that, when y = a+f8+4, 
2 {[(2a)], [(28)]; [(2y)]5 2} x Paf[(2a)], [(28)]; [(2y)]; ax} 
= 3, {[2a], [28], [(2v—1)]; [2y)}, 2y—1])5 2} 

The doubled brackets [( )] signify factors advancing by q*; and in 
the series for the ,®, the factors in the denominator (analogous to 


of the form fq! 


* (4) 21, notes. + (6) 10, 11. t (1). 
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factorials) are g?—1, g*—1,... on the left and g—1, g?—1,... on the 
right. 

By equating coefficients of x?” on multiplying in the product, an 
identity is obtained, which by elementary transformations gives, on 
changing q?, g%, g®, q” to q, a, b, c respectively, 


(4)on(®)on+ > (7 (0) _b)en—-= (Can 


(©)(C)an— 
= (a),,(b),,(q"**),, (abq”), (aq*)n(6Q*)y 
. (q')n(abq*) 
On comparing this with the identity (1) we see that a relation is 
established between the series in the identities (2), (3) stated in the 
introduction. Since a and b, in the second identity, are without 


attached conditions, we may write briefly 


(aq'),,(bq*),, 


series (3) — series (2) > . 
is ( eT ( (q'),(abq*), 


The results of this paper may indicate that the Dougall identity 
and its g-generalization could be derived through theorems relating 
to products of hypergeometric series, just as the series and product 


due to Saalschiitz* are derivable. 
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A NOTE ON CERTAIN q-IDENTITIES 
By W. N. BAILEY (Manchester) 
[Received 3 October 1941] 


THE g-identities given by Dr. F. H. Jackson* are more elegant in 
the form in which he gives them than when they are written in hyper- 
geometric form, but it seems worth while to point out how surprising 
they are when considered as basic hypergeometric series. 

Jackson’s basic analoguet of Dougal’s theorem for ordinary hyper- 
geometric series gives the sum of the series 


0, a, qva, —gqva, : c, d, é, £ P (1) 
va, —va, ag/b, ag/c, ag/d, ag/e, ag/f 


when a?q = bedef, and f is of the form g-* where N is a positive 
integer. Substituting for e and making N > oo, we get the sum of 


the infinite well-poised series 


o,| qva, —qva, 5, C, d; aged, 


q 

va, —va, ag/b, ag/c, agq/d 
where there is now no special relation connecting the parameters. 
To get rid of the special numerator parameters qgva, —qva, we can 
take c = va, d = —va, and so find the sum of the series 

b; 
—q/b 

. 
corresponding to Kiimmer’s theorem for ordinary hypergeometric 
series. If we take only d = va, we get the sum of 


a, —qva, b, c; b 
| —va, ag/b, aq|c 1." el 


which can be written as 
(a),(b),(c),  1+q"va (ry. , 
a (q),(aq/b),(aq/c), 1+~va \ be 


* See the preceding paper. 
+ See, for example, my tract Generalized Hypergeometric Series (Cambridge, 
1935), § 8.3. 
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a particular case of which was pointed out many years ago by 
Jackson.* This is a basic generalization of Dixon’s theorem for 
the sum of the series 
a, b, Cc: 
1 l+a—b, 1+a—c i), 
but one would naturally prefer to obtain the sum of a series without 
the factor 1-+-g’va. That is, we should prefer the sum of the series 


o,|" b, ¢; | 
aq/b, ag/e 


for some particular value of x which +1 as g>1. For some years 
I have thought that no such generalization could exist, but Jackson’s 
second identity shows that there is such a generalization in the case 
when the series terminates because of the form of the parameter a and 
the number of terms is odd. Thus his Theorem 2 gives the sum of 


3?» 


the series 
* b 


> g?na/be 
aq/b, agq/c aie | 


when a is of the form q-2. 
More generally, his Theorem 1 gives the sum of 


0, % b, é. d e; a 
aq/b, ag/c, ag/d, ag/e 
where bede = qa‘, and a has the above special form, and his Theorem 
3 gives the sum of 
0," b, C, d; ra (4) 
aq/b, ag/ce, agq/d 
where bed = avq, and a is restricted as before. It is now evident 
that Jackson’s first theorem gives the others immediately, since (2) 
is derived from (3) by substituting for e and letting d— 0, while 
(4) is obtained from (3) by merely taking e = ,/(aq). 

A similar method could be used to find formulae giving trans- 
formations of well-poised series which cannot be summed, the prin- 
cipal parameter a having the special form of this paper. For example, 
from the transformationf of a terminating well-poised series ,0, into 
a Saalschiitzian ,®,, we can find a transformation for the series 
|" b, ¢, d, 


aq/b, agq/c, agq/d, ag/e 


o 


aig’ bede| ‘ 


* F. H. Jackson, Messenger of Math. 50 (1921), 109 (14). 
tT See my tract, already quoted, § 8.5 (2). 
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where a has the special form. The details of these results seem hardly 
to be worth working out, but I think it should be noted that there 
exist such straightforward analogues to results for ordinary hyper- 
geometric series when the basic series terminate because of the 
special form of the principal parameter a. There seems to be no 
reason to suppose that such straightforward analogues exist when 
the series do not terminate, or when they terminate because of 
special forms of the other numerator parameters. 
In conclusion I note explicitly the formula 


~~ SFY io oe - Mav 
_1y HAN—r+(N—r)} — (_1)N AZ/3n 
ae a —)" On? 


r=0 


which generalizes the formula for the sum of the cubes of the coeffi- 
cients in the binomial expansion of (l1—2)?*. It is, of course, a 
particular case of Jackson’s Theorem 2. 








APPROXIMATIVE RIEMANN-SUMS FOR 
IMPROPER INTEGRALS 


By D. R. DICKINSON (Durham) 
[Received 21 June 1941] 


1. Let f(x) be a real function, defined in the finite interval a < x < b. 
We denote by D a dissection 


= £o S S g S VS S MS Sn S Tru = b, 
and we write 


with a similar notation for other functions. 
The points {x,} we call the ‘points of subdivision’ of D, and the 
points {€,} the ‘representative points’, and we write 


n(D) = max (2%,,,—2;,). 
o<r<n 


Now, if the function f(x) is Riemann-integrable in the interval 
(a,b), we know that b 


F(D) > | f(x) dx 


a 
as 7(D) tends to zero. In this paper I investigate the behaviour of 
F(D) when the integral exists, not as a Riemann integral, but as 
the Cauchy integral 
b b 
| f(x) dx = lim [ f(x) dx. 
a sis ats 
We suppose, then, that the function f(x) is Riemann-integrable in 
the interval (a+-5,b), for 0 < 8 < b—a, and that, as 6 tends to zero 
through positive values, the integral 
b 
| f(x) dx 
a+é 
tends to a finite limit, which we denote by 
b 
J = | fe) dx. 
a 
To avoid repetition we call this condition C. 
Without some further restriction both on the function f(x) and on 
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the dissection D it is no longer true that F(D) tends to the limit J 
as »(D) tends to zero. In §§ 2, 3 we shall consider some sets of con- 
ditions sufficient to ensure that this is the case. 


2. The general problem with which we are dealing involves a com- 
plicated ‘double limit’. For the present we shall confine ourselves 
to the case where the function f(x) is monotonic in the interval (a, b). 

Suppose, then, that f(x) is a monotonic decreasing function in the 
interval (a,b), that f(z) oo as «>a from above,{ and that f(x) 
satisfies condition C of § 1. 

It is still not true that F(D) > I as 7(D) > 0, unless some restric- 
tion is imposed upon the dissection D. I give here two separate 
restrictions on D, sufficient to ensure that F(D)—> TI as 7(D)> 0. 
The first restriction is that the first sub-interval (2), x,) shall not be 
too small compared with the maximum sub-interval of D, and that 
the representative point £) shall not be chosen too near to the point 
x). The second restriction is that, in all the sub-intervals of D, the 
representative points shall not be chosen too near to the left-hand 
ends of their respective sub-intervals. 

We first require the following lemma. 

Lemma. If f(x) obeys the conditions stated above, then 

(vx—a)f(x)>0 as x>a-+0. 


Let « be any given positive number. Since f(x) is Cauchy-integrable, 
we can choose a positive number 6 such that, if a << « < a+, then 


{s dt <<. 


Since f(x) is a decreasing function, we then have 
(~w—a) f(x) <<. 
This proves the lemma, since f(x) is positive for values of x suffi- 
ciently near to a. 
THeorEM 1. Let O<A<1, O<p<l. Then, with the above 


restrictions on the function f(x), if we confine ourselves to dissections 


D for which (i) 2,—a > An(D) 


and (ii) §y—% > w(x%,—2%), 
it is true that F(D) > I as »(D) > 0. 
+ Otherwise f(x) is Riemann-integrable in (a, 6). 
N 
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Write 


HD) = $ fsahisua) 
es = S(%p)(® p44 — 4%). 


Since f(a) is a decreasing function, 
8(D) < F(D) < S(D)+f(€o)(x,—2%p). 
Now f(&) is positive if 7(D) is small i and then, by condi- 


tion (ii), 


F(Eo)(*1 —2Xq) < HE) E>— vo) 
bu 


[It follows from the lemma that 
f( Eq)(2 > 0 
as 7»(D)>0. It will, ides. be sufficient to prove that, as 
n(D) > 0, the sums s(D) and S(D) both tend to the limit J. 
We first show that, as »(D) > 0, 
S(D)—s(D) > 0. 
We have, since f(x) is a decreasing function, 


S(D)—s(D) = ¥ ff(a,)—f 


r=1 


< 9(D) S Me) fle a) = o(D)i{f(x)—f()} 


Certainly »(D) f(b) tends to zero. Furthermore, f(x,) is positive if 


n(D) is small enough, and then, by condition (i), 
] 
0 < 7(D) f(x) : x 1 OF (1) 


It follows from the lemma that »(D)f(x,) also tends to zero. This 
proves (1); hence, if « is any given positive number, we can choose 
a positive number 7, such that 
S(D) < s(D)+4e (2) 
for all dissections D, of the type under consideration, for which 
n(D) < yo. We can, moreover, choose 7 so small that, if x,—a < , 
b 
I—}e < [ fla) dx < I. 
ry, 
b 
We have, also, < J fe) )dx < S(D). 
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Hence, combining the inequalities (2), (3), (4), we have, for n(D) < 1, 
I—e< 8D) <I. 
This proves that s(D)> TJ as 7(D)>90. Since S(D)—s(D) > 0, it 
follows immediately that S(D) > I as n(D) > 0. This completes the 
proof. 
THEOREM 2. Let 0<p<l. Then, with the same restrictions as 


before on the function f(x), if we confine ourselves to dissections D for 


— E—a, > p(©,41—2%) 


it is true that F(D) > I as »(D) > 90. 
By Theorem 1, with A = }, if € is any given positive number, we 
can choose 7, so small that, if 7(D) < mp, then 
| F(D)—f(§o)(%1—%)—1| < te, (5) 
provided that 2,—a > $7n(D). 
Now consider any dissection D, of the type under consideration, 
such that »(D) < 7m. Let 2,,,, be the first point of subdivision of 


D such that Lnay—@ > 4y(D), 
and write F(D) = F(D')+ F(D"), 


where F(D’) = 3 fl Ntr2—%) FD") = > fe )ea—m)- 


r=m+1 


We have immediately, by (5), 
|F(D")—I| < te. 
[t remains to show that F(D’) is small. 
Now, since f(x) is a decreasing function, 
Tr+1 
| fe) de > fENE—a,) > ufEN G4), 
Lr+ 


1 
and thus S(E-M%p41—-2) S : | f(x) dx. 
Bb Zz 
Lm 
Hence F(D') < | f(x) dx < he 
for sufficiently small values of »(D). Choosing 7(D) small enough 
for F(D’) to be positive, we then have 
|F(D)—1| < |F(D")—1|+ F(D’) < «. 


This proves the theorem. 
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As an example consider the beta function 


dx 


1 
B(l—a,1—f) = | =a op 


where a > 0, 8 > 0. We show that 
nm—1 1 


ta ai —— x+B-1 
3(1—a, 1—B) = limz z a (6) 


nox 


This result is an immediate consequence of Theorem 1 in the case 
8 = 0. Similarly (6) is true for « = 0, and the general case is then 


easily deduced from the fact that 
ae l 1 
a%(1—ax)P 2% (1—2x)P 


is bounded and Riemann-integrable in the interval (0, 1). 


3. We shall now extend the results of Theorems 1 and 2 to a wider 
class of functions. 

With the same restrictions on the types of allowable dissections, 
it is still true that F(D) > I as »(D) > 0 if we replace the restriction 
that f(x) should be monotonic by the condition 

If(%)| < fil), 
where f,(x) is some monotonic function satisfying condition C of §1. 
This result is included in the following theorem. 


THEOREM 3. Suppose that 

(i) the function f(x) satisfies condition C, 

(ii) |f(x)| <fi(x) fora<a<b, 

(iti) f(x) is a monotonic decreasing function in this interval, and 
also satisfies condition C, 

(iv) A is a class of dissections (containing dissections D for which 
n(D) is arbitrarily small) such that 

b 
B(D) > I, = [ file) de 

as »(D)—> 0, provided we confine ourselves to dissections which belong 
to the class A. 


+t The results for « = 0, 8B = 0 can, of course, easily be verified directly 
without appeal to Theorem 1. 
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Under these conditions it is true, also, that 


b 
F(D) >I = | fla) dx 


as »(D) — 0, provided again that we only consider dissections belonging 
to the class A. 
Let « be any given positive number. We can choose a positive 


number 6 such that it 


(7) 
and therefore (f(x) dx! < te. (8) 


We write C= [ f(x) dx, 


with similar definitions for J; and J}. 

Now J” and Jj are ordinary Riemann integrals. We can, there- 
fore, determine 7, such that, if D” is any dissection of the interval 
(a+-8,b) for which »(D”) < mo, then 
and |F,(D")—Iq| < te. (10) 

Let D be any dissection, belonging to the class A, such that 
7(D) < ). If D does not have the point a+-5 as a point of sub- 
division, we add this point to it and call the modified dissection D*; 
otherwise D* simply denotes D. Since the difference between F,(D*) 
and F,(D) tends to zero with y(D), we can choose 7, < yp such that 

|F,(D*)—4]| < te ((P) < m). (11) 

Now the dissection D gives rise to a dissection D’ of the interval 
(a,a+8) and a dissection D” of the interval (a+6,b). We have, 
moreover, 

F(D’)| < PD’) = F(D*)—1,+-1;-{R(D")—Tj} 
< |F(D*)—L|+1,+|K(D")—Ij| < 4 
by (11), (7), (10). Hence 
| F(D*)—I| = | F(D’)—I'+F(D")—I" 
< | F(D’)|+/I'|+|F(D’)—I"| < $e 
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by (12), (8), (9). Since the difference between F(D*) and F(D) tends 
to zero with 7(D) we have, for sufficiently small values of »(D), 


F(D)—I| <«. 


This proves the theorem. 


4. The following example will perhaps clarify the position. We 
construct a function ¢(x) for which it is no longer true that 


b 
O(D) > | d(x) dx 
a 
as 7(D) > 0, even though we restrict ourselves to dissections in which 
each sub-interval is of the same length, and take the representative 
points at the mid-points of the sub-intervals. 
Let r be a positive integer or zero. We define our function in the 
interval (2-“*, 2-’) as follows. In the first place we write 
glx) = 0 for 2-0) <a < 3,2-+_Q-@r+8) 
and for 
We then take 


and ¢(x) we now define in the remainder of the interval by linear 
interpolation. This process being repeated for each value of 7, our 
function is defined throughout the interval 0 < # <1. 

In the interval (2-“+», 2-") the graph of 4(x) consists of a triangle 
of height 2” and base 2—-@"+®), imposed centrally above the interval. 
The area of this triangle is 2-"+®, It follows that (x) is Cauchy- 
integrable in the interval (0,1), and that 

1 x 
; a 
| d(x) dx = 7a Wz 


0 r=0 


Now denote by D, the dissection obtained by dividing the interval 


(0,1) into 2”+! equal sub-intervals, and taking the representative 
points at the mid-points of the sub-intervals. Consider ®(D,). The 
contribution to this sum arising from the sub-interval (2—+, 2-”) is 


on ye 9-(N+1) — 1 


1 


and hence lim ®(D,) > 4 > [ (a) dx. 


n—->2 0 


In fact, as is easily verified, ®(D,) > ? as n > ©. 
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5. Integrals over an infinite range 


For these integrals the following result is true. The proof is left 
to the reader. 


THEOREM 4. Suppose that 


(i) for X > a, f(x) is Riemann-integrable in the interval (a, X); 
(ii) | f(x)| < f,(x) for x >a; 
(iii) f,(7) ts a@ monotonic decreasing function for x >a, and the 


infinite integral © 


| A@) dx 
7 i a 
exists finitely; 
(iv) D is a dissection 


a= & <= & <% & «. QB‘ 


such that x,, tends to infinity with n and x is bounded. 


un 


Under these conditions the infinite sum 


F(D) =* 


exists, and F(D) > [ fla) dx 


ey 


a 
as (D) +> 0, where 


n(D) bound(z, 11%). 


As an example consider the function x~?+™, For a > 0, 


- dx oe 


a gite gy” 
1 
Let D be a dissection of (1, 00) in which each sub-interval is of the 
same length 8, and take the representative points at the right-hand 
ends of the sub-intervals. Then 
oc 


F(D) =8 


-0, if « > 0. Writing § = 1/n, we deduce that 


n® 














ON TCHEBYCHEFF POLYNOMIALS (IT) 
By D. R. DICKINSON (Durham) 
[Received 6 September 1941] 
1. WE say that a system 


P(X), $y(X), ---» by (2) 


of n+1 real functions, continuous in a closed interval (a,b), forms 
a T'-system of order n in (a,b) if no linear combination 

P(x) = Agdo(x) +A, $,(x)+... +A, ¢,(2), 
with real coefficients, has more than n distinct zeros in this interval 
unless the coefficients are all zero; and we then call P(x) a T-poly- 
nomial (or simply a polynomial) of the system. We shall suppose 
throughout the first part of this paper that we are dealing with 
a definite 7'-system of order n, where n > 2. 

In a previous paper* I have given a discussion on double zeros of 
T’-polynomials. In the present work I go on to consider triple zeros. 
I give definitions of two kinds of triple zeros, namely weak triple 
zeros and strong triple zeros, and then proceed to show that we can 
always construct a polynomial of our system having a weak triple 
zero at any given point, but that the same is not true for strong 
triple zeros. It will be seen that it is the stronger definition which 
corresponds more closely to the analytical case, and it is in the 
possible non-existence of strong zeros that the general 7'-system 
differs fundamentally from an analytical 7’-system. 

2. For convenience of reference we first recall the definitions of 
simple and double zeros; we now differentiate between weak and 
strong double zeros. 

Let & be a zero of P(x), a T'-polynomial of our system. We say that 
& is a simple zero (at least) of P(a#) if the polynomial P(#) changes 
sign as x passes through &. If P(x) preserves the same sign as x passes 
through #, then we say that # is a weak double zero (at least) of P(x); 
if, in addition, P(x)/Q(a)>0 as x, 


for any polynomial Q(x) having a simple zero at and at least n—2 
other zeros, then we call a strong double zero of P(x). 


* D. R. Dickinson, ‘On Tchebycheff Polynomials’: Quart. J. of Math. 
(Oxford), 10 (1939), 277-82. 
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The main results in connexion with double zeros are as follows: 
THEOREM 1. If s is the number of simple zeros and d the number 


of double zeros (weak or strong) of a T-polynomial P(x) of our system, 


then e494 <n. 


THEOREM 2. Jf s+2d =n, and we are given s+-d distinct points 
Ly, Loy.005 Ups Yas Yos-+-» Yq SuCh that 


ema 8 =I, 3...., 8, a<y,<6b (j =1, 2...., d), 


then we can construct a T-polynomial of our system having simple zeros 
at the points x,, %,..., x, and weak double zeros at the points Y,, Yo,---s Ya- 


In the analytical case the solution to Theorem 2 is unique, except 
for a constant multiplier. I have, however, shown by an example 
that this is not true for 7'-systems in general. This example* also 
shows that we cannot always construct a polynomial of our system 
having a strong double zero at any given point. 

3. We now proceed to the definitions of triple zeros. Let P(x) be 
a polynomial of our system having a zero at #, an interior point of 
the interval (a,b), and changing sign as 2 passes through #. Suppose, 
further, that for any polynomial Q(x) having a simple zero at # and 
at least n—2 other zeros (double zeros being counted twice), 

P(x)/Q(z) >0 as x. (1) 
In these circumstances we call # a weak triple zero of P(x). If, in 
addition, (1) is still true when Q(x) is replaced by any polynomial 
having a double zero at # and at least n—3 other zeros, then we call 
& a strong triple zero of P(x). 

Definitions similar to the above can easily be framed for zeros of 
higher orders, and the results established below may be extended to 
cover such zeros. As, however, the proofs become long and trouble- 
some, without entailing any essentially new ideas, we content our- 
selves with a study of triple zeros only. 

THEOREM 3. Jf s is the number of simple zeros, d the number of 
double zeros (weak or strong), and t the number of triple zeros (weak or 
strong) of a T-polynomial P(x) of our system, then 


8+2d+-3t < n. 
This theorem is proved by a slight extension of the argument used 


* See § 6 below. 
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to establish Theorem 1. As we shall be using a similar argument in 
$4 below, I omit details of the proof. 


4. Before going on to consider the problem of constructing 
T’-polynomials having previously assigned weak triple zeros, we 
shall first establish three lemmas. 

In what follows, unless anything is said to the contrary, we sup- 
pose that any polynomial which occurs in the argument may have 
simple, double, and triple zeros. In counting the zeros of a poly- 
nomial we count its double zeros twice and its triple zeros three 


times. 


Lemma |. Jf P(x), Q(x) are any two T-polynomials of our system, 
both having a zero at &, an interior point of (a,b), then 


lim Q(z) and lim : 
az—e—0 P(x) a—é+0 P(2 


Q(x) 


both exist (finitely or infinitely). 


Take any real number A, and consider the polynomial Q(x)—AP(z). 
This polynomial has at most zeros, and hence the ratio Q(x)/P(zx) 
cannot assume the value A at more than nm distinct points of (a,b). 
Since Q(x)/P(x) is continuous at all points near , Lemma 1 follows 
at once. 

We have assumed here that # is an interior point of (a,b). If # 
is an end point, then evidently the appropriate one-sided limit of 
Q(x)/ P(x) exists. 


LemMMA 2. Suppose that P(x), Q(x) are two T-polynomials of our 
system, both having a zero at &, an interior point of (a,b). Suppose, 
in addition, that Q(x) changes sign as x passes through &, and has at 


least n—2 zeros other than &. In these circumstances, 


lim u(x >0O and lim Q(z) > 0. 


«z—>E—0 P(x) xr—>E+0 P(x) 


It will be sufficient to prove the first of these inequalities. In the 
first place we shall consider the case in which Q(x) has exactly n 
distinct zeros (necessarily simple). We may evidently suppose that 
P(x) and Q(x) have the same sign to the immediate left of the point 
&. Now let 2, %g,..., x,, be the zeros of Q(x), other than a or b, which 
are not zeros of P(x), and for convenience of notation write = 2,,,.. 
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We suppose, to begin with, that a and b are not both zeros of Q(z). 
Denote by 26, (r = 1, 2,..., m+1) the distance of x, from the nearest 
other zero of Q(x) or P(x), and write 

5 = min(8,) 


* = bound{|Q(x)|} 

= bound{|Q(z)|} 

N = min(N;, N>) 
M = bound{ P(x)}} 


Choose a positive number A such that AM < N. Then to any point 
a, (¢ = 1, 3.2, m) there corresponds at least one zero of the poly- 
nomial R(#) = Q(x)—AP(zx) in the open interval (x,—8,2,+5). The 
common zeros of P(#) and Q(x) are also zeros of R(x) and so* we 
have accounted for at least n—1 distinct zeros of R(2). 

Suppose now, if possible, that 

lim Q(z) = 0. (1) 
xz—#—0 P(x) 

The polynomial R(2) will then have at least one additional zero in 
the interval (¢—6,#) and either a double zero at < or at least one 
additional zero in the interval (%,#+-8). Thus R(x) will have at least 
n-+-1 zeros, which is impossible by Theorem 3. Hence (1) cannot 
be true. 

If a and b are both zeros of Q(x), we proceed as follows. Let x, 
be the zero (other than a) of Q(x) nearest to a, and choose 2’ such 


, 


that a < 2’ <a,. We can construct a polynomial Q’(x) having 


simple zeros at the zeros of Q(x) other than a, and also at x’. We 


deduce, by reasoning similar to that used above, that 


Q(x) 


lim |———| > 0. 


xr—F—0 Q' (a) ; 


But, by what we have already proved, 


am |2)| - 
=| > 0 
= 0 P(x) 


, x 

and so lim Q(x) >0 
r—F—0 (x 

in this case also. 


* If neither a nor b is a zero of Q(x), we have accounted for all the n zeros 
of R(x). 
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Considering now the general case, let 21, %5,..., x, be the simple 
zeros Of Q(x); ¥;, Ye,---, Yq its double zeros; and 2,, 29,..., z, its triple 
zeros. Denote by 27 the least distance between two distinct zeros. 

We construct a polynomial Q,(”), having exactly » simple zeros, 
as follows. In the first place we make 2, %p,..., Ys, Yys Yoo--+» Yq ZETOS 
of Q,(x). Consider now a typical triple zero z, of Q(x). If there is 
an even number of double zeros of Q(x) between z, and #, we simply 
make z, a zero of Q,(x). If, however, there is an odd number of 
double zeros of Q(x) between z, and #, then we take as zeros of Q,(x) 
both z, and whichever of the points z;,+-, z,—7 lies nearer to Z. 
We make up the number of zeros of Q,(x) to n by giving this poly- 
nomial the appropriate further number of simple zeros to the left 
of all the double and triple zeros of Q(x). 

By reasoning as in the first part of the proof, we now deduce that 


Q(x) 


hm: |——— 
x—+é—0| Q,(x) 


But, by what we have already proved, 


Q(x) 


lim 


a+é—0| P(x) 


Hence lim Q(z) 


x2—>E—0 P(x) 


in the general case also. 


Now let P(x) be a polynomial of our system having a weak triple 
zero at £, and let Q(x) be any other polynomial having a simple 
zero at and at least n—2 other zeros.* We deduce at once from 
Lemma 2 that . 

’ P(x)/Q(z) +0 as a>. 
We have, moreover, the following result, which we shall require in 
the sequel. 


Lemma 3. Let P(x) be a T-polynomial of our system which has a 
zero at & and changes sign as x passes through &. If we can find ONE 
polynomial Q,(x), having a zero at & and such that 

P(x)/Q)(x)>0 as x>@, 
then P(x) has a weak triple zero at &. 
* The polynomial Q(a) is now, of course, allowed to have triple zeros: 


otherwise there is nothing to prove. 
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5. We now come to the main result in connexion with weak triple 
zeros of 7'-polynomials. 

THEOREM 4. Jf s+2d+3t = n, and we are given s+d-+t distinct 
PONS Xy, Lo5.--5 Lyi Ys» Yoo--> Yas 21» Zay-++, % SUCH that 

a<x2,<6 (¢=1, 2...., 8), 

a<y,<b (j =I, 2...., d), 

a<2%<6b (&=1, 3...., é), 
then we can construct a T'-polynomial of our system having simple zeros 
at the points 2, X»,..., %,, weak double zeros at the points Y4, Yo;---, Ya: 
and weak triple zeros at the points 21, Z»,..-, %- 

The proof is by induction on ¢t. The theorem is true for ¢t = 0, 
since it then reduces to Theorem 2; suppose it true for ¢ = ¢,—1, 
and consider the case t = ¢,, writing ¢ for ¢,. 

Take four points p, g, «, 8 such that 

pmiax<y4<B<q 
and, further, such that the interval (p,q) contains none other of the 
given points. By hypothesis we can construct four polynomials 
P(x), Q(x), Fe(x), Op(x) 

of our system, with the following properties. In the first place, each 
of the four polynomials has simple zeros at z;, 21, 22,..., Z,, weak double 
ZELOS at Y;, Yo,---» Yq, and weak triple zeros at z,, Z2,..-, %-,- In addition 
a Py(«) = Py(p) = 9, PQ) = 1, 
Q(x) = V9) =9, Q(p) = 1, 

P,(B) = Pap) = 0, P(g) = 1, 

Qa(B) = Ve(q) = 9, Qe(p) = 1, 
the zeros being necessarily simple, by Theorem 3. 

Now let ax<z<% or 4<z2<f8, 
and write 


Ms) a ae _ Qglz) 


a2) : 


A= lim Xz), 
2->2,—0 
f= lim pz(2), 
2—>2,—0 


lim v(z). 


2—2,—0 
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These limits are, by Lemma 2, finite and non-zero. Furthermore, 
the polynomials P,(x) and P,(x) are of different sign in the interval 
(a,8) and have the same sign outside this interval. It follows that 
A(z) is non-negative in the ranges of z considered, and that the poly- 
nomial P(x) +A(z)P.(x) takes the fixed value P(x) at the point a 
and has the required zeros and none other outside the interval (a, f). 
We have thus accounted for s+ 2d-+-3t—3 zeros of Ps(x)+A(z)P,(2). 
This polynomial has also zeros at the points p, z, and z. Hence 
these zeros must be simple and the polynomial can have no further 
zeros. Hence, since A(z) is continuous, it is monotone decreasing in 
the ranges of z considered and 


Similarly, O<pwp and* O0O<v<cp. 


Now write A(x) 


and 


A(x) = P(x) -+-AP, (x), 
B(x) = Qp(x)+-2Q,(2), 
with similar definitions for A(x) and B(2). Write, further, 
o(z) = lim a) a 
L244 0 A,(x) A—A(2) 
and a(z) = lim on: od ee. 


xr—>z,—0 A(x) 


Reasoning as before, we see that 





0 < o(z) < Gz) < 


Moreover, the polynomial 
C,(x) = B(x)—o(z)A,(x) 
will have the required zeros outside the interval (p,q), a simple zero 
at the point z, and a double zero at the point z,. 
Now, observing that 
v B(z) 
= —. =, 
v(z) A(z) 


* The polynomials P,(z) and Q,(z) have the same sign throughout the 
interval (p, q) and are of different sign outside this interval. 
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and that o(z) is bounded,* we deduce that 
ao= lim a(z) 
exists finitely. ae, 
We can now show that the polynomial 


C(x) = Bx)—eA(z) 
= Qp(x)+2Q,(x)—a{Pe(x)+AP,(x)} 
has the properties we require. In the first place, in virtue of the 
signs of the coefficients, this polynomial has the required zeros out- 
side the interval (p,q). Secondly, 
C(x) >O(z) as z>z,—0, 

from which we deduce that C(x) changes sign as x passes through 
z,. Finally, we have 


(a) 


a) = Me#—mlx)}—of—Ax)}. 


Evidently 


Further, 
lim bi i - \. 
xr >21+-0 | A x) 
Considering separately the cases A = A and A < A, we see thatt 
lim a = 0. 
r>2:+0 P(x) 
In virtue of (1), (2), and Lemma 3 it now follows that the polynomial 
C(a) has a weak triple zero at the point z,. This completes the proof 
of Theorem 4. 


Uniqueness of the solution. In the first place the construction of 
the four functions 
P(x), Q(x), Pp(x), Og(x) 
may not be unique; in this case it is easy to see that the solution 
to Theorem 4 is not unique. Furthermore, if we write 
«= lim az), 


2—2,+0 
* We cannot apply Lemma 2 to show that a is finite, since A(z) and B(z) 
both have double zeros at 2;. 
+ If A = A, then, since a is finite, wp = pg. 
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then, by the same argument as before, the polynomial 
C(x) = B(x)—eA(zx) 

= Qp(x)+pQ,(x)—a{P3(x)+-AP, (x)} 
will be a solution which in general will not be a constant multiple 
of C(x). Now 

O(p) =1+f and C(p)= 1+p. 

It follows that, if € and y are positive numbers such that 


f+) =1, 


then the polynomial 


O(x) = O(x)+ 7 = Le) 


«dlp 
will be a solution to Theorem 4 such that C(p) = 


6. In conclusion we construct a 7'-system of order 3, no poly- 
nomial of which has a strong triple zero at a particular point. 

I have shown in my first paper that the functions 

1, |x|, sing (1) 

form a 7’-system: of order 2 in the interval (—4z, 47). The reader 
will see that no polynomial of this system can have a strong double 
zero at the origin. Now, integrating the functions (1) in turn, we 
see that the functions 


9 


1, &@. @agnaz, cos (2) 


form a T-system of order 3 in (—4z, $7). If 4(x) is any polynomial 
of this system which has a zero at the origin, then either 

p(x) ~ cx (3) 
as «> 0, in which case ¢(x) changes sign as 2 passes through the 
origin; or d(x) ~ cx? (4) 
as «> 0 from one side at least. Here c is some constant. .We see 
immediately that ¢(2) cannot have a strong triple zero at the origin. 
The reader will easily verify that, if d(~) has a simple zero at the 
origin and at least one other zero in (—4z, $7), then (3) is true; and 
that the polynomial 

ax*sgnx+b(l—cosx) (b #0) 

will have a weak triple zero at the origin if either 6 = +-2a, or b+ 2a 
and b—2a are of opposite sign. 
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